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MNarti elpacte edw;

1. Ma va pdboupe va npoypappatiCoups. AN yiati;

MNarti eipacte edw;

1. Ma va pdboupe va npoypappatiCoups. AAG yiati;
¢ Mati elvat xpRowo
* Narti pabaivoupe va okePptéuacte aAyopLtOpika

* Mati elval Snuloupytko!




Programming can be like composing poetry or music; [...]
especially because it produces objects of beauty.

Donald Knuth, CACM, 1974

The three virtues of a great programmer:

* Laziness: The quality that makes you go to great effort to
reduce overall energy expenditure.

- Impatience: The anger you feel when the computer is
being lazy.

* Hubris: Makes you write programs that other people won't
want to say bad things about.

Larry Wall, Programming Perl

Ma 6¢ xpelalOPaocTe NPOypaAPPATIOTES

Narti o€ C;

« Kavelc &g ypapel C nAéov, og OAeC TIC Soulelég (ntave Javascript / Ruby /
Python/R/Java/PHP/...»

« H C elval SUokoAn otnv ekuaddbnon »




Narti eipaote edw;

2.Mava pdboupe va opyavwvoupe ta dedopéva pag, Xpnoluonowwvtac:

* Apnpnuévouc Tunouc Acdouévwy
* AoUEC Aedopévwv

Ac doUpe éva napdadelyua...

Nw¢ 6a anoBnkevooupe ta BiBAia pag...

MNp6BAnua:

Motoc efval o KaAUtepog TpONOC va opyavwooue ta BIBAla pag;

a a
Nw¢ 6a anoBnkevooupe ta BiBAia pag... Nw¢ 6a anoBnkevooupe ta BiBAia pag...
Auon 2 : Array
Auon 1 : Xdog MAgovektrpata; MpoBAnuata;
AnNA kal eUkoAn! (apkei va unv pag evélagépet to dldfaocpa)




Nw¢ 6a anoBnkevooupe ta BiBAia pag...

AUon 3 : Sorted array
MoAU kaAUtepa! TéAela AUon; MpofARjuata;

Nw¢ 6a anoBnkevooupe ta BiBAia pag...

001-998

001- 400- 500- 600- 800-
399 489 599 755 998

Abon 4 : B-tree

MAcovekTAPata;
ApnpnHévol TUnot AeSopévwv Aopég Aedopévwv
ADTBookStore 4 Nopéc Aedopévwy ulonotouv tov (dlo ADTBookStore
e insert(title) » Chaos
MpdoBeoe 1o BIBAio pe titho title
* Array
* remove(title) SortedA
Aqaipeoe to BIBAlo pe Titho title OrtedAarray
. find(title) * Biree
Wae to BiPAlo pe titho title KAOe Sopn €xel SlapOPETIKA MAEOVEKTANATA & PJEIOVEKTAPATA.
Q¢ xproteg, davellduaote BiRAla xpnaolyonowwvtag autn tn Stena@A. MnopoUpe va aAAG&oupe uAonolnon Xxwpig va eEnnpeacTtolVv oL XpHOTES.
A€ pac anaoxoAel nwc eival anobnkeupéva.




Meplexopevo Tou Madnpatog

* Elcaywyn & TEXVIKEG anoSoTiKoU npoypappatiopou
- Modules, Makefiles, Editors, Git
- Recap: memory allocation, pointers, structs, typedefs, void pointers
- Code sstyle, Tests, Debugging

* A@npnuévol Tunot AeSopévwv Kat EQapuoyES
- Vectors, Aloteg, >to(Bec, Oupéc
- Oupéc npotepaldtntac, Maps, UvoAa

* Aopég Sebopévwv
- Auvapiko( Nivakeg, Zuvdedepéveg Aloteg, Aévdpa, Zwpol
- Auadika 6évdpa avalitnong, AVL 6évdpa, B-6évdpa
- Katakeppatiopédc, Mpdgot




Modules, Makefiles, Editors, Git

K08 Aopéc Aedopévwy Kal Texvikég Mpoypaupatiopgol

Kwotag Xat{nkokoAdkng

Creating large programs

 Alarge program might contain hundreds of thousands lines of code

+ Having such a programin a single .c file is not practical
- Hard to write
- Hard to read and understand
- Hard to maintain

- Slow to compile

« We need tosplititin semantically related units

Modules Information Hiding
+ Amodule (evétnta) is a collection of related data and operations « Anotion closely related to abstraction
* They allow achieving abstraction (a@aipeon), a notion of fundamental * Since the user does not need to know how the module is implemented,

importance in programming anything not necessary for using the module should be hidden
* The user of the module only needs to know what the module does - internal data, auxiliary functions, data types, etc
* Only the author of the module needs to know how it is implemented * This allow§ moc.ll.Fylng part.? Or the program independently

- Thisis useful even when the author and the user are the same person - afunction visible only within the module cannot affect other parts of

the program
* They will be used to implement Abstract Data Types later in this course - think of changing a car's tires, it should not affect its engine!
3|




Modules in C

* Amodulein Cis represented by a header file module.h

- we already know several modules: stdio.h, string.h, ...

* It simply declares a list of functions
- also constants and typedefs

* Describes what the module does
- often with documentation for these functions

Modules in C

e E.g. Astats.h module with two functions

// stats.h - AMAG OTAT1O0T1KG OTOlLXELQ yla MIVAKEG

#include <limits.h> // INT_MIN, INT_MAX

// EMLOTPEPEL TO ULKPOTEPO OTOlLXELO TOU array (INT_MAX av size == 0)
int stats_find_min(int array[], int size);

// EMLOTPEPEL TO HEYAAUTEPO OTOlXELO TOU array (INT_MIN av size == 0)

int stats_find_max(int array[], int size);

* Prefixing all functions with stats_ is a good practice (why?)

Using a C module

* #include "module.h"
 Use the provided functions
* Asusers, we don't need to know how the module is implemented!

// minmax.c - To Baolko apxeilo TOU TPOYPAUUATOG

#include <stdio.h>
#include "stats.h"

int main() {
int array[] = { 4, 35, -2, 1 };

printf("min: %d\n", stats_find_min(array, 4));
printf("max: %d\n", stats_find_max(array, 4));

Implementing a C module

* The module’s implementation is provided in a file module.c
» module.c contains the definitions of all functions declared in module.h

// stats.c - YAomoinon tou stats module
#include "stats.h"

int stats_find_min(int array[], int size) {
int min = INT_MAX; // "default" tiun, HEYAAUTEPN amo OAE

for(int 1 = 0; 1 < size; i++)
if(array[i] < min)
min = array[i]; // Bp&bnke vEéo gAdxioto

return min;




Compiling a program with modules

« Simply compiling minmax.c together with module.c works

gcc minmax.c stats.c -o minmax

« But this compiles both files every time

« What if we change a single file in a program with 1000 . c files?

Separate compilation

* We can compile each .c file separately to create an .o file
* Then link all .o files together to create the executable

gcc -c minmax.c -0 minmax.o
gcc -c stats.c -o stats.o

gcc minmax.o stats.o -o minmax

* If we change minmax.c, we only need to recompile that file and relink

- Makefiles make this very easy

g
[ ] (] (] oge L] (] [ [
Multiple implementations of a module Compiling with multiple implementations
* The same module.h can be implemented in different ways * minmax.c is compiled without knowing how stats.hisimplemented
) - P

// stats_alt.c - EvaAAakTiKlj vAomoinon tou stats module this is abstraction!
#include "stats.h" * We can then link with any implementation we want
// Emiotpépel 1 av value <= array[i] yia kdBe 1 _ : _
int smaller_than_all(int value, int array[], int size) { gee -¢ minmax.c -o minmax.o

for(int i =@; i < size; 1+f) # use the first implementation

dfi(values=sanray i1} gcc -c stats.c -o stats.o
LT €7 gcc minmax.o stats.o -o minmax

return 1;
3 # OR the second
. . .. . . gcc -c stats_alt.c -o stats_alt.o
int stats_find_min(int array[], int size) { gcc minmax.o stats_alt.o -o minmax

for(int i = 0; i < size; i++) -

if(smaller_than_all(array[i], array, size))
return array[i];

return INT_MAX; // €00 QPTAVOUUE UOVO O MEPLMTWAN KEVOU array

}
2]




Multiple implementations of a module

 Allimplementations should provide the same high-level behavior

- So the program will work with any of them

* Butoneimplementation might be more efficient than some other

- This often depends on the specific application

« Which implementation of stats.h would you choose?

Makefiles

* Good programmers are lazy
- they want to spend their time programming, not compiling

« Nobody likes typing the same gcc ... commands 100 times

* We can automate compilation with a Makefile

A simple Makefile

# Eva amAo Makefile (e apketd mpofAruata)
# lpoooxrj ota tabs!
minmax:

gcc -c minmax.c -0 minmax.o

gcc -c stats.c -o stats.o

gcc minmax.o stats.o -o minmax

» This means: to create the file minmax run these commands

« To compile we run make minmax
- orsimply make to compile the First target in the Makefile

A simple Makefile - first problem

« We modify minmax.c, but make refuses to rebuild minmax

$ make minmax
make: 'minmax' is up to date.

* solution: dependencies

minmax: minmax.c stats.c
gcc -c minmax.c -0 minmax.o
gcc -c stats.c -o stats.o
gcc minmax.o stats.o -o minmax

* this means: minmax depends on minmax.c, stats.c

- if any of these files is newer (last modification time) than minmax itself,
the commands are run again!




A simple Makefile - second problem

* We modify minmax.c, but make recompiles everything

* Solution: separate rules for each file we create

minmax.o: minmax.c
gcc -c minmax.c -0 minmax.o

stats.o: stats.c
gcc -c stats.c -o stats.o

minmax: minmax.o stats.o
gcc minmax.o stats.o -o minmax
« To build minmax we need to build minmax.o, stats.o
- minmax.o depends on minmax.c which is newer, so make recompiles

- stats.odependson stats.c whichis older, so no need to recompile

Implicit rules

« make knows how to make foo.o if a file foo. c exists, by running

gcc -c foo.c -o foo.o

* Thisis called an implicit rule
- Sowe don't need rules for .o files!

minmax: minmax.o stats.o
gcc minmax.o stats.o -o minmax

Variables CFLAGS variable

* We can use variables to further simplify the Makefile * Aspecial variable
- Tocreateavariable: VAR = ... » Passed as arguments to the compiler when compiling a . o file using an
- Touse avariable we write $(VAR) anywhere in the Makefile implicit rule

 This allows to easily reuse the Makefile « E.g.enable all warnings, treat them as errors, and allow debugging
# Apxeia .o (aAAdlouue amAd oe stats_alt.o yia tn deUTePn vAomoinon!) CFLAGS = -Wall -Werror -g
OBJS = minmax.o stats.o
# To EKTEAEOLUO TPOYpaAUUA
EXEC = minmax
$(EXEC): $(0BJS)

gcc $(0BJS) -o $(EXEC)
B




Auxiliary rules

« Then don’t really create files but run useful commands
« E.g. we can use make clean to delete all files the compiler built

clean:
rm -f $(0BJS) $(EXEC)

« Andmake run to compile and execute the program with predefined
arguments
ARGS = argl arg2 arg3

run: $(EXEC)
./$(EXEC) $(ARGS)

Structuring a large project

 As projects grow, having all files in a single directory is not practical
« E.g. we want the same module to be used by many programs

« Asimple structure:

Directory Content

include  shared modules, used by multiple programs
modules module implementations

programs executable programs

tests unit tests (we'll talk about these later)

1ib libraries (we'll talk about these later)

Putting the pieces together

# paths
MODULES
INCLUDE

../../modules
../../include

# Compile options. To -I<dir> xpelrdletail yia va BpEl 0 gcc Ta apxEla
CFLAGS = -Wall -Werror -g -I$(INCLUDE)

# ApXela .0, EKTEAEOLUO TPOYPOAUUA KAl TIOPAUETPOL
OBJS = minmax.o $(MODULES)/stats.o

EXEC minmax

ARGS

$(EXEC): $(0BJS)
gcc $(0BJS) -o $(EXEC)

clean:
rm -f $(0BJS) $(EXEC)

run: $(EXEC)
./$(EXEC) $(ARGS)

Editor use in programming

« Programs are plain text files
« Any editor can be used
* Butusing an editor efficiently is important

« It can make the difference between boring and creative programming




Editor types VS Code

* Old-school editors: vim, emacs, ... * Modern, open-source code editor, available for all major systems

- Fast, reliable, very configurable, available everywhere + Made by Microsoft, but it's completely different than Visual Studio (an IDE)

- Compiling/debugging is hard, needs tweaking . Will be used in lectures

* IDEs: Visual Studio, Eclipse, NetBeans, CLion, ... - lecture code is configured for use in VS Code
- Integrated compiler, debugger and many other tools - butyou are free to use any other editor you want
- Too much “magic”, not ideal for learning « Installation instructions for all tools used in the class

* Modern code-editors: VS Code, Sublime Text, Atom, ...

- Good balance between the two
- Many options, a bit of tweaking is needed

Configuring VS Code Compiling/Executing in VS Code

« .vscode dir provided in the lecture code * Menu Terminal / Run Task

- you can copy this directory in any of your projects

Make: compile executes

* You only need to modify .vscode/settings. json nake <progran>

{ . .
"c_project": { Errors are nicely displayed
// Directory oto omoio BplokeTtol TO TPOYPOUUA
dir®: "programs/minmax", * Make: compile and run executes
// OVOpO TOU EKTEAECLUOU TIPOYPAUUOTOG
"program": "minmax", make <program>
./<program> <argl> <arg2> ...
// Oplopoto TOU TIPOYPAUMOTOG.
Ilargsll: lllll _2 3 52", <
1, « Ctrl-Shift-B executes the default task
}




Debugging in VS Code

* Set breakpoints (F9)

« F5tostart debugging

« We can examine/modify variables while execution is paused
« We can execute code step by step

* We can see where segmentation Faults happen

A few useful VS Code features

e Ctrl-P: quickly open file

« Ctrl-Shift-0:find function

e Ctrl-/:toggle comment

e Ctrl-Shift-F:search/replacein all files

« Ctrl-" :move between code and terminal
 F8:go to next compilation error

e Alt-up, Alt-down: move line(s)

Git
« Asystem for tracking changes in source code

- used by most major projects today

« Very useful when multiple developers collaborate in the same code
- but also for single-developer projects

« We will useit for
- lecture code
- labs

- projects

« We will store repositories in github.com, a popular Git hosting site

Git, main workflow

1. clone a repository, creating a local copy

2. Modify some files

3. commit changes to the local repository

4. push the changes to the remote repository

For multiple developers/machines:

5. pull changes from a different local repository copy




Git, getting started

« Install Git following the instructions
« Configure Git

git config --global user.email "you@example.com"
git config --global user.name "Your Name"

» Create an account on github.com

« Create an empty (public or private) repository test-repo on github.com
- Check “Initialize this repository with a README”
- lts URL will be https://github.com/<username>/test-repo

Git, cloning a repository
git clone https://github.com/<username>/test-repo

 This will create a directory test-repo containing a local repository copy
¢ Check that README.md is present

e Tryrunning git statusinside test-repo

Git, committing changes

* Modify README . md
* Rungit status

- README.md appears as modified
« To commit the changes:

git commit -a -m "Change README"

-a: commit all modified files

-m "...":assign a message to the commit

Git, adding files

e Create anew file foo.c

* Rungit status

- foo.c appears as untracked

To add it

git add foo.c
git commit -m "Add foo.c"

* Rungit statusagain

Your branch is ahead of 'origin/master' by 2 commits.




Git, pushing commits

* Visit (or clone) https://github.com/<username>/test-repo

- the local changes do not appear

¢ To push your local commits to the remote repository

Git, pulling commits

« From a different local repository copy (e.g. a different machine)

git pull

« The remote changes are copied to the local repository

git push
* Local changes should be committed before running this
- They will be merged with the remote ones
.gitignore Readings

* Files listed in the .gitignore special file are ignored by Git (blacklist)

« Theinverse is often useful

- save nothing except filesin .gitignore (whitelist)

# AyvooUpe OAa ta apxela (6x1 Ta directories)
*
1%/

# EKTOC amd Ta TMapakdte
1*.c

1* h

1* mk

IMakefile

l.gitignore

IREADME . md
1.vscode/*.json

T. A. Standish. Data Structures, Algorithms and Software Principlesin C,
Chapter 4

Robert Sedgewick. AAyépiBuol oe C, Kep. 4
- make manual, Chapter 2

« Abeginner’s guide to Git

VS Code introductory videos







Recap : Memory Allocation, Pointers, Computer memory
Structs, Typedefs

« Computers have memory, a device that allows storing and retrieving data

KO8 Aopeg Aedopévwv kal Texvikég Mpoypappatiopou * Each byte of memory has an address

Kwotag Xat{nkokoAdkng - unigue number associated with this byte
* Programs need to allocate, deallocate, read and write on memory

* In Cthe programmer has direct access to the memory
- the only complicated part, in an otherwise very simplistic language

Allocating memory Allocating memory via variables
C programs allocate memory in 2 ways: * Space for two intsis allocated the moment foo is called
* Automatic + The values 5, 17 are copied in the allocated memory

- by declaring variables
void foo() {
int a = 5;
* Manual int b = 17;
- by callingmalloc ¥
int main() {
foo();

3




Parameters

« Parameters are essentially just local variables
* Only difference: the argument provided by the caller is copied

void foo(int a) {
int b = 17;
}

int main() {
foo(5);
}

Address-of operator &

* To see where avariable is stored, use the address-of operator &
¢ We can printitin hex
printf("Memory address of a in hex: %p \n", &a);

void foo(int a) {
int b = 17;

printf("foo &a: %p\n", &a);
printf("foo &b: %p\n", &b);

Deallocating a variable’s memory

* Avariable’'s memory is deallocated when the function call returns

* Deallocation simply means that such memory can be given to some other
variable

void foo() {
int a = 5;
printf("foo &a: %p\n", &a);

}
void bar() {
int a = 17;
printf("bar &a: %p\n", &a);
}
int main() {
foo();
bar();
}

Deallocating a variable’s memory

* Here, foo has not returned yet when bar is called
« Will we get the same result?

void bar() {
int a = 17;
printf("bar &a: %p\n", &a);

}

void foo() {
int a = 5;
printf("foo &a: %p\n", &a);
bar();

}

int main() {
foo();
}




Global variables

They remain allocated until the program finishes

int global = 5;

void foo() {
printf("foo &global: %p\n", &global);

int main() {
printf("main &global: %p\n", &global);
foo();
printf("main &global: %p\n", &global);

Pointers

 Pointers are just variables, nothing special

 They are allocated/deallocated the same way as all variables are

- Their content has nothing to do with allocation/deallocation
void foo() {

int* p;

}

o]
Pointer content Manual allocation
* In a pointer we store memory addresses, e.g. the address of a variable « Done by callingmalloc(size) (actually easier to understand)
* Nothing special happens; we just store a number in a variable * Returns the address of the allocated memory
- wejust think of p as “pointing to” a - we need to store such address (in a pointer)
void foo() { int* p = malloc(sizeof(int));
int a;
int* p = &a;
printf("&a: %p\n", &a); p: [:::EEEE}—————*[::::::]
printf("&p: %p\n", &p);
printf(" p: %p\n", p);
}
p: a: |




Manual allocation

* The allocated memory is not the address of any variable

« In fact, the allocated memoryis “far” from all variables
- variables are allocated in the stack
- malloc allocates memory in the heap

- just fancy names for two different areas of memory

int* a = malloc(sizeof(int));

printf("&a: %p\n", &a);
printf(" a: %p\n", a);

Program Memory

M. d “aut; tically”
writable; not executable StaCK | (b:n:::.p"::; omatically’
I
writable; not executable Dynamic Data Managed by programmer
(Heap)

writable; not executable Static Data Initialized when process starts
Read-only; not executable Literals Initialized when process starts
Read-only; executable Instructions Initialized when process starts

[ ]
Manual deallocation Remember
« Call free(address), for some address previously returned by malloc 1. C never looks at the content of a variable when deallocating its memory
- typically stored in a pointer void foo() {
o " .\ int* p = malloc(sizeof(int));
« freed memory can be reused (this is what “deallocated” means) 1
int* p1 = malloc(sizeof(int)); ; ;
int* p2 = malloc(sizeof(int)); 2. free does not modify the content of any variable
free(p2); int* p = malloc(sizeof(int));
int* p3 = malloc(sizeof(int));
printf("p: %p\n", p);
printf("p1: %p\n", pl); free(p);
printf("p2: %p\n", p2); printf("p: %p\n", p);
printf("p3: %p\n", p3);
p = NULL; // KaArj MPaKTlKr HETA TO free




Accessing memory via pointers, operator *

When reading or writing to a variable:

* a, p, read/write to the memory allocated for a, p

 *p reads/writes to the memory stored in p

int aj;

int* p;

p = &a; // atn pvhun mou deOUEVTNKE yla TO p, ypdye TOov aplBud &a
*p = 16; // atn pvhpun mou meplEXEl To p (dnAadn otnv &a), ypdye TO
a="*p+1;

p: | a: 17 |

Pointer quiz

» We have this situation:

©
I H

17

« Which commands produce each of the following?

(] L] ° o
Pointer quiz Pointers as function arguments
« Which commands produce each of the following? * Nothing special happens at all
- Wejust receive a number as an argument
p | ’—|—'| 17 | P | ’—|» | 5 | « This is very useful for accessing memory outside the function
void foo(int a, int* p) {
a:[ {1 | @[ = , v
int main() {
*p = *a; // aplotepo int a = 1;
foo(52, &a);
p= q; // Ogét 3
[ 20]




Swap

Will this work?

void swap(int a, int b) {
int temp = a;

a = b;
b = temp;
}
int main() {
int a = 1;
int b = 5;
swap(a, b);
}

Swap

Will this work?

void swap(int* p, int* q) {

p=4q;
q = temp;
}
int main() {
int a = 1;
int b = 5;
swap(&a, &b);
}

L] L]
Swap, correct Returning pointers
void_svtvag(int* p, int* q) { * Again, nothing special happens, we just return a number
in emp = *p;
*2 - tgép; int* foo() {
1 int* p = malloc(sizeof(int));
*p = 42,
int main() { return p;
int a = 1; }
int b = 5; . .
swap(&a, &b); nt Tiig(; i foo();
} printf("content of p: %d\n", *p);
free(p);
}
In main: a:| | :| |
[n swap: p: | | : | |
23] 2¢]




Dangling Pointers

* A pointer p containing deallocated memory is dangerous!
- it's not our memory anymore

- using *p has undefined behaviour (typically it makes your PC explode)
* Think about deallocation rules before returning a pointer

int* foo() {

int a = 63;
int* p = @&a;
return p; // moUu SeixveL o0 p;

3

int* foo() {
int* p = malloc(sizeof(int));
*p = 42;
free(p);

return p; // moUu SeixXVeEL 0 p;

Structs

« Asimple way of storing several pieces of data together
* Useful for creating custom types
* Astruct has members, each member has a name

struct point_2d {
float x;
float y;

// &va onueio otov 51001d0TATO XWPO

3

int main() {
struct point_2d point;
point.x
point.y

// uta petapAntr!
1.2; // EXEL QPKETO XWPO
0.4; // yta 2 floats

Structs, allocation

« Nothing special, just like any other type

void foo() {
// Ba amodeouevBbel ato TEAOG TNG KArjong tng foo
struct point_2d point;

// Ba amodeouevbel otav kavouue free
struct point_2d* p = malloc(sizeof(struct point_2d));

Structs, pointers

* When pis a pointer to a struct:

- p->member is just a synonym for (*p) .member

void foo(struct point_2d* p) {
(*p).x = -1.2;
p->y = 0.4;

// MmopoUUE va avTliypd@ouuE KAl OAOKANPO To Struct!
struct point_2d point = *p;

point.x = point.y * 2;

*p = point;




typedef

* Simply gives a new name to an existing type

typedef int Intetzer; // English style
typedef int Integker; // TKPLK OTA1A

int main() {

Intetzer a = 1;
Integker b = 2;
a=b; // kat ta dUo eivai amAd ints

typedef, common uses

Simplify structs

struct point_2d {
float x;
float y;
3
typedef struct point_2d Point2d;

int main() {
Point2d point; // d& xpeirdletar to "struct point_2d"
}

Even simpler:

typedef struct {
float x;
float y;

} Point2d;

typedef, common uses

“Hide"” pointers

// list.h
struct list {

¥
typedef struct list* List;

List list_create();
void list_destroy(List list);

// main.c
#include "list.h"

int main() {
List list = list_create(); // moto¢ "pointer";
list_destroy(list);

Function pointers

* Receive a Function as argument
* Atypedef is highly recommended

// [ita pira ouvdptnon oav autr
int foo(int a) {

3

// AnAwvoupe tov tUumo w¢ €&ri¢ (to foo aAAdler oe (*TypeName))
typedef int (*MyFunc)(int a);

int main() {
// Kat HETA pmopoUue va amobnkevouue to "foo" oe pura petaBAnth
MyFunc f = foo;
f(40); // t0 1010 pe foo(40)




Function pointers

typedef int (*MyFunc)(int a);

int fool(int a) {
return a + 1;

}
int foo2(int a) {
return 2*a;

}

int bar (MyFunc f) {
printf("f(0) = %d\n", f(0));

}

int main() {
bar(fool);
bar(foo2);

Void pointers

« All pointers are just numbers!
* Avariable with type void* can store any pointer

int* int_p;
float* float_p;
Point2d* point_p;
MyFunc func_p;

void* p;

int_p;
float_p;
point_p;
func_p;

T T T O
I V|

int_p = p;

float_p p,
point_p p;
func_p = p;

Generic Functions

* void* allows to define operations on data of any type

// AVTAQAAGOOEL Ta TMEPLEXOUEVA TwWV P, q, MEYEOOUC Size TO KaBEva
void swap(void* p, void* g, int size) {
void* temp = malloc(size); // allocate size bytes
memcpy(temp, p, size); // avtiypagr size bytes amd TO p OTO
memcpy(p, d, size);
memcpy(q, temp, size);

free(temp);
}
int main() {
int a = 1;
int b = 5;

swap(&a, &b, sizeof(int));

float c 4.3;
float d 1.2;
swap(&c, &d, sizeof(float));

Generic Functions

Combine with Function pointers for full power!

typedef void* Pointer; // amAoUoTEPO

// AE1KTNG 0 OULVAPTNON TIOU OUYKPLVEL 2 OTOLXELO a KAl b KAl EMLOTPEE
// <0 ava< b

// 0 av a ==

// >0 av a> b

typedef int (*CompareFunc)(Pointer a, Pointer b);

Pointer max(Pointer a, Pointer b, CompareFunc comp) {
if(comp(a, b) > 0)
return a;
else
return b;




Generic Functions

#include <string.h>

int compare_ints(Pointer a, Pointer b) {
:b;
return *ia - *ib;

int* ia
int* ib

int compare_strings(Pointer a, Pointer b) {
return strcmp(a, b);

int main() {
int a1
int a2
int* max

char* si
char* s2

1;
57
_a

= max(&al,

Nyzz" g
naaan;

char* max_s = max(s1,

printf("max of al,a2:
printf("max of s1,s2:

&a2, compare_ints);

s2, compare_strings);

%d\n", *max_a);
%s\n", max_s);

Readings

* I. Zrapaténouloc, Znusiwoelc Eioaywynic otov lNpoypapuatiouo.
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Code style

* In most programming languages whitespace is ignored

- Leaves many options for styling
« The exact style is not important, no need to be “dogmatic” about it

* Butitisveryimportant to be consistent

- Good style makes the code readable

Naming conventions In this class
* Similarly, how we name things is important  The following slides present some style & naming choices
- variables  The code usedin the lectures follow this style
- modules
: ) * You are not required to follow it

- functions
- types * Butyou are required to consistently follow a specific style
- etc

 Consistent naming greatly improves code quality

3|




Comments

// C++ style
// ota EAAnvikd

void foo() {

int a = 1; // UlKpd comments otnv idia ypauun

}

« Makes it easy to toggle comments (Ctrl-/ in VS Code)

» Don't over-use comments
- they should not explain what the code does
- but how/why

* Don’t leave old garbage code in comments (Git keeps the history!)

Brackets

// Ztnv 1dta ypauurn HE TNV EVTOAN TOU Ta AVOlyeEl

void foo() {
for (unsigned int i = 0; i < ...; i++) {

}
// Tia ULKPEG EVTOAEG TO MAPAKATW £ival ok (xwpiG katdxpnon)

if (condition)
do_something();

Indentation

* One tab for each level

- allows each developer to configure the tab size differently

 Alternative option: 4 spaces

- appears the same in all editors

* Don’t mix the two

Pointer types

// To * KoAAntd pe tov tUmo (OX1 ME TO Ovoud)

int* foo(char* param) {
int* pointer = &var;

3

Conceptually, int* is a type.




Variable declarations

// Mia dniAwon avd ypauur, emavaiaufBdvouue tov TUMO
// Emiong, donAwvoupe HETABANTEC OTO ONUELO KAl TO Scope mou xperdlovi

void foo() {

int varl = 1;
int var2 = 3;
int var3 = 3; // O xpeirdlstal mio MAV®

if (condition) {
= 4,

int var4 // var4 opatd povo pgoa oto if

3

for (unsigned int i = 0; i < N; i++) { // 1 opatdé povo peoa oto
int var5 = 5;

Names

* Functions, variables, parameters: lowercase_with_underscores
* Types: CamelCase

* Constants: UPPERCASE

* Choose readable names (not a, b, ¢, ...)

* In modules: prefix with name of module (or abbreviation)
- avoids conflicts

}
}
a
// ADTList.h « Forsimple code, we typically testitin main
// 01 0TaBepéC auTéC oupBoATZoUV €LKOVIKOUG KOUBOUC aTnV apxri/TEAOC. - often with input from the user
#define LIST_BOF (ListNode)@
#defi LIST_EOF (ListNode)O® .
erne —EOF (ListNode) « This does not work for larger programs
// AloTeC Kal kOuBol avamaploTwvTal amé Toug TUmouG List kat ListNode T ;
typedef struct list* List; Time consuming
typedef struct list_node* ListNode; - Easy to m|ss edge cases
// AnNUloUpyel KOl EMOTPEQPEL pla vEa Alota. - No automation
List list_create(DestroyFunc destroy_value); - We tend to assume that fixes remain forever
// MpocBétel €vav vEo KOuBo __ UETH . TOV node pE TMEPLEXOUEVO value.
void list_insert_next(List list, ListNode node, Pointer value);
// Apaipel Tov ___€emOuEVO__ KOuBo amé tov node.
void list_remove_next(List list, ListNode node);




Unit Tests

» Atestis a piece of code that tests some other code

- e.g. tests a module

« |t calls some functions of the module, then checks the result

* Each test should be independent

« It should test some basic functionality

- especially edge cases

Unit Tests

Advantages

Re-run on every change

Detect regressions

Test different implementations of the same module
Run in automated scripts (e.g. on git push)

Write specifications even before writing the actual code
- test-driven development

L] L]
A simple test for stats.h A simple test for stats.h
#include "acutest.h" // ATARN PipAroBnAkn yia unit testing void test_find_max(void) {
int array[] = { 3, 1, -1, 50 };
#include "stats.h"
TEST_ASSERT(stats_find_max(array, 4) == 50);
void test_find_min(void) { TEST_ASSERT(stats_find_max(array, 3) == 3);
int array[] = { 3, 1, -1, 50 }; TEST_ASSERT(stats_find_max(array, 2) == 3);
TEST_ASSERT(stats_find_max(array, 1) == 3);
TEST_ASSERT(stats_find_min(array, 4) == -1); TEST_ASSERT(stats_find_max(array, 0) == INT_MIN);
TEST_ASSERT(stats_find_min(array, 3) == -1); }
TEST_ASSERT(stats_find_min(array, 2) == 1);
TEST_ASSERT(stats_find_min(array, 1) == 3); // Alota pe O0Aa ta tests mpog eKTEAEON
TEST_ASSERT(stats_find_min(array, 0) == INT_MAX); TEST_LIST = {
{ "find_min", test_find_min },
{ "find_max", test_find_max },
{ NULL, NULL } // teppatilovue tn Aiota pe NULL
};




Test coverage

« How to know if the tests cover all functionalities of the code?
* Simple solution: check which lines are executed

 lcov: a test coverage tool for C

« Try the followingin sample-project

cd tests
make coverage
firefox coverage/index.html

Valgrind

Tool to check memory access

Finds memory leaks

Also detects access of deallocated memory
Simple use:

valgrind ./program

Debugging Debugging
* Fixing bugs is an art that needs experience Step 1: reproduce the problem
« Often more difficult than writing the code * In the simplest possible way
) - Simplest code, smallest input, number of steps, etc

* But following some concrete steps can help

* ldeally: with a simple automated test

« Sometimes this is the hardest part!

- Keep in mind when reporting bugs to others
B




Debugging

Step 2: isolate the bug
« Which parts of the code are affected by the bug?

* Use the debugger (sometimes)
- Pause at segmentation Faults

- Set breakpoints and conditional breakpoints

« Add useful logs (printf) and asserts

+ Comment out parts of the code to see if behaviour changes

Debugging

Step 3: find the root cause

» Often the code that breaks is not the real root

* Follow the code flow backwards
- Examine the debugger’s call stack
- Add logs

- Compare the flow in buggy and non-buggy executions

Debugging Debugging
Step 4: understand and fix the bug Step 5: test the fix
« Don’t do random changes * Add tests if you don’t have them already
 Afix that you don’t understand is usually not a correct fix! * Important so that the bug does not reappear in the future
* Add documentation * ldeally the new tests should only pass when the Fix is applied
- Usually code that fixes a tricky bug needs explanation
23]
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Abstract Data Type (ADT)

» Acollection of data and operations that

- have precisely described behaviour (we know what they do)

- but no precise implementation (we don't know how they do it)

+ ADTBookStore (from the first lecture)

- insert(title)
- remove(title)
- find(title)

« Do we know any such type?

Native types Native types
« Howis int implemented? * Even simple native types and operations are in reality abstract
« Whatdoesint a = -2; storein memory? * We know what they do but not how
- 10...10 (sign-magnitude) * int a = 1stores some representationof 1ina
- 1111101 (1-complement)
- 1111110 (2-complement) * a++ stores the representationofa + 1ina
- bit order? (little vs big endian) - where a is the number representedin a
- size? (16, 32, 64 bits) * printf("%d", a) printsthe numbera representedin a
- atleast 3 - 2 - 3 = 18 possibilities! The choice dependes on the CPU.
* How is a++ implemented?
3|




Why?
1. We can write programs without thinking (or even knowing) about how

these operations are implemented

» use complicated algorithms easily

2. We can change the implementation of int (eg change the CPU) without
changing the code

+ easy maintenance

It would be impossible to write complex programs without these features!

Writing our own ADTs

* ADTFoo will be represented by the module ADTFoo.h

- Declare alist of functions, constants, typedefs, etc

- Describe what the module does, with documentation!
* Touse ADTFoo

- #include "ADTFoo.h"
- Callits methods, eg foo_create()

- Link with foo.o (or some library containing it)

* Toimplement ADTFoo

- Create foo.c, implementing all functions

- The implementation should match the advertised behaviour

Containers

* The ADTs we learn in this class are containers

- They allow to insert data (stored in the container)
- Then retrieve it in different ways

- Andremove it
* Store values of any type: void*

» They have similar interfaces

- Differin the way data is inserted/removed/retrieved

ADT Overview

ADT Description

ADTVector An abstract growable “array”

ADTList Insert at any position, no “random access”
ADTQueue First-in, First-out

ADTStack Last-in, First-out

ADTPriorityQueue Fast-access of the maximum element

ADTMap Associate key => value (array with any type of index)
ADTSet Ordered collection of unique items




Naming A typical container ADTFoo

* We use different names for ADTs and Data Structures // ADTFoo.h

// Eva foo avamapiotdtal amd ToV TUMO Foo. 0 xprotng o xperdlstat va
// yvwpilel TO MEPLEXOUEVO TOU TUMOU aUTOU, OMAG XPNOLUOMOLEL T1G OUV
// foo_* mou d€xovTal Kai EMLOTPEPOUV FOO.

- eg. ADTVector implemented by a Dynamic Array

 Loosely following the naming of the C++ standard library
typedef struct foo* Foo;

 Be careful: each ADT/DS is known under many different names

) * We use an incomplete struct to hide the implementation
- also: the same name is often used for ADTs and DSs

R ber th bet Ciust th | » The user cannot create struct foo variables or access their content
« Remember the substance, not just the names!

* We can only store pointers to struct foo created by the module
- called handles
- using the Foo typedef we forget that they are pointers!

« And pass them to other methods

A typical container ADTFoo A typical use of ADTFoo

// Anuioupyel Kai EMLOTPEPEL €va veod foo #include "ADTFoo.h"

Foo foo_create(); int main() {

Foo foo = foo_create();
// EMLOTPEPEL TOV aplOUO OTOlLXELWV TOU TEPLEXEL TO OO
// MpoaBrikn otoixeilwv otov ADT
int foo_size(Foo foo0); foo_insert(foo, int_pointer1l);
foo_insert(foo, int_pointer2);
// MpogBgtel tnv Tiury value oto foo
// EUpeon otoixeiouv

void foo_insert(Foo foo, Pointer value, ...); int* value = foo_find(foo, ...);
printf("found: %d", *value);

// Apalpel Kai EMLOTPEPEL pla Tiur amd to foo
// Apaipeon otoixeiouv
Pointer foo_remove(Foo foo, ...); foo_remove(foo, ...);

// BplOKEL KAl EMLOTPEPEL €va OTolxXelo amd 1o foo // EKKaBdpion pvhipng
foo_destroy(foo);
Pointer foo_find(Foo foo, ...); }

// EAguBepwvel O0An tn pvrun mou deouelel to foo

void foo_destroy(Foo foo);




Many containers allow iterating

Using the concept of node.

Foo foo = foo_create();
27 oo o dUNSEFE o

// Airdoxion OAwv Twv oTolXElwv (n oeipd €éaptdtat amdé Tov ADT)

for (FooNode node = foo_first(foo); // EgViKAUe amd TOV TPWTO
node != FOO_EOF; // UEXPL va QTACOUUE OTO
node = foo_next(foo, node)) { // UETABaon otov EMOUEVO

int* value = foo_node_value(foo, node); // n Tiuj TOU OCUYKEKPLUEV
printf("value: %d\n", *value);




Vectors, Lists, Stacks, Queues
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ADTVector

* AVector can be seen as an abstract resizable “array”
- |tis notan array (remember, it's abstract)
- butit behaves like one

* We can access existing elements based on their position (random access)
* We can insert/remove elements at the end of the vector (dynamic size)

* We can search for elements (but this is usually inefficient)

* We can iterate over elements (also possible using random access)

a.k.a. Dynamic/Growable/Resizable/Mutable Array, Array List, List, ...

Create, destroy Random access
// Eva vector avamaplotdtal amo Tov TUmo Vector. 0 xprotng 0 xpeirddle // EmMioTpEPel TNV Tlurj otn 0€on pos tou vector vec (Un OPLOUEVO QMOTE
// yvwpldel TO MEPLEXOMUEVO TOU TUMOU aUTOU, OMAd XPNOLUOMOLEL T1G OULV // pos < 0 rj pos >= size)
// vector_<foo> mou dExovVTal Kal EMLOTPEPouv Vector.
// Pointer vector_get_at(Vector vec, int pos);
// 0 tumog¢ Vector opidetalr w¢ pointer oto "struct vector" tou omoiou
// meplLeXxOUevo glval dyvwoto (incomplete struct), kai €éaptdTOol amo T // AAAdder tnv Tlur otn O€on pos tou Vector vec oe value. AEN petafdA
// vAomoinon tou ADT Vector. // UEyeBog TOUL vector, av pos >= size TO OAMOTEAEOUA OEV €1val OPLOUEV
typedef struct vector* Vector; void vector_set_at(Vector vec, int pos, Pointer value);
// AnUloupyel Kal EMLOTPEPEL €va VED vector uey€Ooug size, HUE OTOLXEL
// apxikomoinuéva oe NULL. Av Sev umdpxel d1aBéoiun UVAUn EMLOTPEPET  Example [4, 6, 2, 1]
// VECTOR_FAIL.
- Cetat1:6
Vector vector_create(int size, DestroyFunc destroy_value);
( y y ) - Set8ate:[8, 6, 2, 1]
// EAgvBepwvel O0An tn pvrun mou deoueVEL TO vector vec.
void vector_destroy(Vector vec);
An initial size is given at creation (ignore destroy_value for now).
a8




Insert and delete at the end

// MpogBétel tnv Tlur value oto _TEAOG_ TOU vector vec. To uéyeBog 10
// UEYAADVEL KaTd 1. Av Oev umdpxel drab€oiun pvhun to vector mapauév
// ftav (auto pumopel va eAeyxOeil pe tn vector_size)

void vector_insert_last(Vector vec, Pointer value);

// EmMioTpEpel TNV TlUN TNG TEAEUuTaiag O£ong tTou vector.

// To u€ygbog tou vector HLKPALVEL KATd 1.

void vector_remove_last(Vector vec);

« The size of the vectoris modified (in contrast to C arrays)!

e Example [4, 6, 2, 1]
- Insert3:[4, 6, 2, 1, 3]
- Remove: [4, 6, 2, 1]

Search

// BplOKEL KAl EMLOTPEPEL TO TPWTO OTOLXELO OTO vector mou va eivatr 1
// (ue Bdon tn ouvvdptnon compare), i NULL av dev BpeBel kavéva OTOLXE

Pointer vector_find(Vector vec, Pointer value, CompareFunc compare);

« Usually sequential search (remember, the implementation is not fixed!)

« Reduntant, could be implemented by iterating

Iteration

// Méow random access

int size = vector_size(vec);

for (int i = 0; i < size; i++) {
int* value = vector_get_at(vec, 1);
printf("%d\n", *value);

3

// MEow KOUPBwv

for(VectorNode node = vector_first(vec);
node != VECTOR_EOF;
node = vector_next(vec, node)) {

int* value = vector_node_value(vec, node);
printf("value: %d\n", *value);

// EgViKdaue amo TOV N
// UEXPL VA QTACOUUE
// WETABaocn otov EemMOu

// N TlUN TOU OUYKEKP

Memory management

* The memory reserved for the vector itselF is managed by the module
* We are responsible for the contents (Pointers)

« Simple memory management:

- destroy_value function to be called when a value is removed

Vector vec = vector_create(0, free);

vector_insert_last(vec, strdup("foo"));
vector_insert_last(vec, strdup("bar"));

vector_remove_last(vec); // free bar

vector_destroy(vec); // free foo (kai destroy to i1di10 TO Vvecto




When to use Vectors

« General purpose containers
« When we need random access
« When we don’t need to insert at random positions

« When we don't need efficient search

ADTList

* We sacrifice random access for insert/delete Flexibility

* Only sequential access

* We caninsert and remove elements anywhere

* We can search for elements (but this is usually inefficient)

* We can iterate over elements in the order of insertion

a.k.a. Forward list (also, “List” sometimes means something else)

a
Insert and delete anywhere Iteration
// MpooBgtel gvav vEo KOpPBo _ pHeTd . Tov node, i otnv apxr av node == // MOvo HEOW KOUPBwV
// Ue meprexopevo value.
for(ListNode node = list_first(list); // &gvikdue amoé Tov TP
void list_insert_next(List list, ListNode node, Pointer value); node != LIST_EOF; // UEXPL va QTAOOUUE O
node = list_next(list, node)) { // UETABaon OTOV EMOUE
// Apaipel Tov __€emouevo__ KOuBo amd tov node, 1j TOV MPWTO KOUBO av n
int* value = list_node_value(list, node); // n Tiurj TOU OUYKEKPL
void list_remove_next(List list, ListNode node); printf("value: %d\n", *value);
* Positions represented by nodes
* Insert/remove happens after the given node
e Example (4, 6, 2, 1)
- Insert 3 after6: (4, 6, 3, 2, 1)
- Remove after4: (4, 3, 2, 1)




Other Functions

Same as for Vectors.

List list_create(DestroyFunc destroy_value);
// EMLOTPEPEL TOV aplOUO OTOLXELWV TIOU TEPLEXEL N AloTd.
int list_size(List list);

// EMLOTPEPEL TNV TMPWTN Tlun mou e€ivait itoodvvaun pe value
// (ue Bdon tn ovvaptnon compare), i NULL av Sev Uumdpxel

Pointer list_find(List list, Pointer value, CompareFunc compare);

// EAgvBepwvel O0An tn pvrun mou Seouelel n Alota 1ist.
// Omoiadnmote AglToupyla mavw otn Alota HETH TO destroy eilvat un opt

void list_destroy(List list);

When to use Lists

 General purpose containers
« When sequential access is enough
« When we need to insert/delete at random positions

« When we don't need efficient search

Stacks

* Very limited functionality
- but usefulin practice
- allows for efficient implementations

* Insert and delete at the top
- Last-in, first-out (LIFO)

* Acceess only the top element
- No random access
- Noiteration

Examples of Stacks in Real Life




LIFO access

// EMLOTPEPEL TO OTOLXELO OTNV KOpu@r TNG oToifag (HUn OPLOUEVO ATOTEA
// otoiBa givar Kevrj)

Pointer stack_top(Stack stack);
// MpoagBéter tnv Tiur value otnv kKopuen TnG oroifag stack.
void stack_insert_top(Stack stack, Pointer value);

// Apaipel TNV TN O0TNV KOPL@H TNG otoifag (un opilouévo
// amotéAgoua av n oroifa €ivar kKevih)

void stack_remove_top(Stack stack);

e Example [4, 6, 2, 1]
- Insert3:[4, 6, 2, 1, 3]
- Remove: [4, 6, 2, 1]

» Commonly called push and pop

When to use Stacks

« When LIFO access is enough

« Many applications
- Storing information of active function calls
- Parsing algorithms
- Expression evaluation algorithms
- Backtracking algorithms

Using a Stack to check fFor balanced parentheses The Algorithm
« Determine whether parentheses/brackets balance properly in algebraic - Start with an empty stack
expressions.
« Scan the algebraic expression from left to right
« Example: . :
- On(, [, {weinsertittothestack.
2 2 2 :
{a® = [(b+¢)* — (d+¢e)*] * [sin(z — y)|} — cos(z + y) - On), 1, }weremove the topitem and check that its type matches
 This expression contains parentheses, square brackets, and braces in - The expression is balanced iff
balanced pairs according to the pattern .
- all pairs match, and
L0000 - atthe endthe stack is empty
B




Postfix Expressions

* Expressions are usually written in infix notation L op R
- The operator appears between the operands
-eg.(a+b)*x2—c
- Parentheses are used to denote the order

* Postfix: write the operator after the operands L R op
- eg.ab+ 2 *xc—

- Advantage: no need for parentheses!

Examples
Infix Postfix
(a+b) ab+
X-Vy-2) Xy-Z-

(
(x-y-2)/(u+V)
(@2 +b”2) * (m-n)

Xy-z-uv+/

a2z "b2r+mn-*

Using a Stack to evaluate postfix expressions Translating Infix expressions to PostFix
* Scan from left to right * We can also use a Stack to translate Fully parenthesized infix arithmetic
expressions to postfix.
* When we find an operand X, insert it int the stack
' * Algorithm to convert (L op R) to the postfix form L R op
When we find an operator op - ignore the left parenthesis

- remove the top operand into a variable R (right operand) - convert I to postfix

- remove another topmost operand into a variable L (left operand) - save op on the stack

- Perform the operation L op R - convert R to postfix

- Insert the value back into the stack - then, on ), pop the stack and output the op
« End of expression: its value is the (only) item remaining in the stack

23]




Example

Input Output Stack

(
« We want to translate the infix expression ((5*(9+8))+7) into postfix. (
e Theresultwillbe5 9 8 + * 7 + > 5
* *
( *
9 9 *
+ * 4
8 8 * 4
)+ -
) *
+ +
7 7 +
) +
Queues FIFO access
« Very limited functionality (similarly to stacks) // EMLOTPEPEL TO OTOLXELO OTO UMPOOTLVG WEPOG TNG 0UPAG
- but usefulin practice Pointer queue_front(Queue queue);
- allows for efficient implementations // EMOTPEPEL TO OTOLXEL0 OTO Miow UEPOC TNG OUPGC
« Insert in the back, remove from the Front Pointer queue_back(Queue queue);
- First-in, ﬁl’St—OUt(F”:O) // MpooBetel TNV Tiun value oto miow HEPOG TNG OUPAG queue.
. Acceess only the Front and back elements void queue_insert_back(Queue queue, Pointer value);
- No random access // Apalpel TNV TlUN OTO UTPOOTA HEPOG TNG OUPAG
- Noiteration void queue_remove_front(Queue queue);
e Example [4, 6, 2, 1]
- Insert3:[4, 6, 2, 1, 3]
- Remove: [6, 2, 1, 3]
* Commonly called push/pop (or enqueue/dequeue)
B




When to use Queues

« When FIFO access is enough

« Many applications

Sheduling of processes

Access to resources (CPU, printers, etc)

Breadth First Search in trees and graphs

Example, experimental simulation

* Anew job arrives to the CPU each second with pb p
 Eachjob takes between 1 and 4 seconds to execute (random)
* What is the average waiting time?

* We can write a program the simulates the system using a queue
- time represented by an integer t
- ateachsecond, insert ajob randomly (using rand)
- select duration also randomly

- remove job after duration seconds, compute its waiting time

Readings

 T.A.Standish. Data Structures, Algorithms and Software Principles in C.

Chapter 7.

« R. Sedgewick. AAydpiBpot o C., Ke. 4.
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ADTs fFor efficient search

» So far we've seen ADTs in which elements have a predefined order

- Depending only on the insertion order, not on the values
« Andsearchisinefficient

* We will now discuss ADTs that take the order of elements into account

- Any order can be used (many options, even for the same data)

The compare Function Priority Queue

« Acompare function determines the order of elements « Similar to a Queue or Stack
- compare(a, b) < @iffais “smaller” than b - Noiteration, only a specific item can be accessed/removed
- compare(a, b) > 0iffais“greater” thanb * BUT: the item that can be accessed/removed is the maximum one
- compare(a, b) == 0iffaandb are equivalent (not equal!) - with respect to a given order (compare)

« Examples forintegers: « We caninsert elements in any order
- return *(int*)a - *(int*)b « When we remove, we always get the maximum element!
- return abs(*(int*)a) - abs(*(int*)b)
- return a - b
- Which elements are equivalent?

« Examples for strings, structs, Vectors, etc?

3|




Create, insert

// ANU1OUPYET KAl EMLOTPEPEL MUl VEX OUPA TMPOTEPALOTNTAG, TNG OmMoiag
// Av destroy_value != NULL, 10T KaAeital destroy_value(value) kdfe
// Av values != NULL, TOTE n OUPd OPXLKOMOLELTAl MUE TA OTOLXELA TOU V
PriorityQueue pqueue_create(CompareFunc compare, DestroyFunc destroy_

// MpogBéter tnv Tlur value otnv oupd pqueue.

void pqueue_insert(PriorityQueue pqueue, Pointer value);

« The compare function must be given to pqueue_create

- Cannot be modified.

« We caninitialize the queue with a Vector of values

- might be Faster than insterting them one by one!

Accessing the maximum element

// EMLOTPEPEL TO HUEYAAVUTEPO OTOLXELO TNG OUPAG
Pointer pqueue_max(PriorityQueue pqueue);
// Apalpel TNV HEYAAUTEPN TlUr TNG OUPAG

void pqueue_remove_max(PriorityQueue pqueue);

 Guaranteed to work independently from the insertion order

- Efficient, even after removing elements!

When to use Priority Queues

« When we need to quickly find the maximum value
- on data thatis updated

* Many applications
- Shortest Path in a graph (Dijkstra)
- Minimum Spanning Tree (Prim)
- Searchin Artificial Intelligence (A*)
- Sorting elements (Heapsort)
- Load balancing algorithms
- Compression (Huffman codes)

ADTMap

» Associates a key to avalue
 Allows to search for value given key (or a key equivalent to it)
 Can be thought as an “array” with non-integer indexes!

// AuTO givatr ouvnOiougvo
names[19] = "Bob";

printf("The student with id 19 is %s\n", names[19]);

// Qpatia Ba rtav va UmopoUsauE Va KAVOUUE TO avTioTpo@o (aAAd o€ yive
ids["Bob"] = 19;

printf("The id of Bob is %d\n", ids["Bob"]);

« We can use a Map ids that associates "Bob" to 19

a.k.a. Symbol table, Dictionary, Associative array, Unordered map




Create

// ANU1oUPYET KAl EMLOTPEPEL £va map, OTO OMOLO TA OTOLXELA OUYKPT1VOV
// TN ouvdptnon compare.

// Av destroy_key ri/kat destroy_value != NULL, 10TE KaAeitai destroy._
// n/kat destroy_value(value) kKdOBe @opd mou apaipeiTal £va OTOLXETLO.

Map map_create(CompareFunc compare, DestroyFunc destroy_key, DestroyF
« We need to pass a compare function
- the Map needs to know which keys are equivalent to "Bob"

« Separate destroy functions for keys and values

Insert, find

// MpooBEtel 1o KAELOT key pe tiun value. Av umdpxel KAe1d1 10000vVauUO

// maAid key & value avtikaBiotatal amé Ta VEQA.

void map_insert(Map map, Pointer key, Pointer value);

// EMLOTPEPEL TNV TLUN TOU £XEL AVTLOTOLXLOTEL OTO OUYKEKPLUEVO key,

// TO key degv umdpxel oto map.

Pointer map_find(Map map, Pointer key);

Example

// name => id
ADTMap ids = map_create(compare_strings, NULL, NULL);

// ids["Bob"] = 19
map_insert(ids, "Bob", create_int(19));

// Find ids["Bob"]
printf("The id of Bob is %d\n", *(int*)map_find(ids, "Bob"));

Remove

// Apaipel to KAg1dl mou eilval itoodUvauo pHeE key amdé TO map, av

// EmMiOTpEpel true av PBpeOnke TETO10 KAE1A1, Odla@opeTikd false.

bool map_remove(Map map, Pointer key);

Example:

map_remove(ids, "Bob");

if(map_find(ids, "Bob") == NULL) {
printf("No student named Bob exists");

umdpx e




Iteration

// MEow KOUPBwv

for (MapNode node = map_first(ids);
node != MAP_EOF;
node = map_next(ids, node)) {

// EgViKAUE amd TOV TPWTO
// UEXPL va QTACOUUE OTO
// WETAPBacn oTov EMOUEVO

char* name = map_node_key(ids, node); // TO KAELAT TOU OUYKEKPL
int* id = map_node_value(ids, node); // N TLUN TOU OUYKEKPLUEV
printf("%s's id is %d\n", name, *id);

When to use Map

« When we need equality search
- One of the most commonly used operations
- And the datais updated frequently

» Checkif some value is already seen

- eg. memoization

* Provided natively by many programming languages
- but we need to understand how it works!

ADTSet Create
 An ordered set of unique values // AnUloupyel KAl EMLOTPEPEL €va oUVOAO, OTO OMOl0O T OTOlXELX OUYKPl
// Bdon tn ouvdptnon compare.
.. // Av destroy_value != NULL, t0Te KaAeital destroy_value(value) kdfe

+ Allows to search for a value efficiently // agaipeital éva oroixeto.

* Allows toiterate the setin the correct order Set set_create(CompareFunc compare, DestroyFunc destroy value);
We need to pass a compare function.
The Set maintains the order of the values.




(]
Insert, find
// MpogBétel tnVv Tlur value oto OUVOAO, QVT1KAO1OTWVTAG TUXOV TmPONyou
// 1oo0dvvaun tng value.
void set_insert(Set set, Pointer value);

// EmMioTpEPel TNV HOvadilkr Tiur TOUu Set mou eivail toodUvaun pe value,
// OV UMApXEL

Pointer set_find(Set set, Pointer value);

Example

ADTSet names = set_create(compare_strings, NULL);

set_insert(names, "Alice");
set_insert(names, "Bob");

printf("Is Bob present? %d\n", set_find(names, "Bob") != NULL);

Remove

// Apaipel tn povadikry Tiur itooduvaun tn¢ value amé 10 oUvVoOAo, av umd
// EmiotpEpel true av BpgOnke n tiun autr, false O10QOPETLKA.

bool set_remove(Set set, Pointer value);

Example:

set_remove(names, "Bob");

if(set_find(students, "Bob") == NULL) {
printf("No student named Bob exists");

Iteration

// Méow KOuPwv, otn oeipd drdtaéng!

for(SetNode node = set_first(ids);
node != SET_EOF;
node = set_next(ids, node)) {

// EgViKAUE amd TOV TPWTO
// UEXPL va QTACOUUE OTO
// UETABacn otov EMOUEVO

char* name = set_node_value(ids, node); // H Tiurj TOU OUYKEKPLUEV
printf("%s\n", name, *id);




When to use Set

* When we need to access values in a certain order
- And the data is updated frequently

* When we need range search
- One of the most commonly used operations

 Butalso equality search




Analysis of Algorithms, Complexity
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Outline

« How can we measure and compare algorithms meaningfully?
- analgorithm will run at different speeds on different computers

* O notation.

« Complexity types.
- Worst-case vs average-case
- Real-time vs amortized-time

Y ° . L]
Selection sort algorithm Running Time
// Ta&ivouel tov mivaka array peygOoug size * Array of 2000 Integers
void selection_sort(int array[], int size) { - Computers A, B, ..., E are progressively faster.
// BplOKOUME TO HULKPOTEPO OTOLXELO TOU Mivaka, TO TOmoOeToUuE OTn 6 .
// kat ouvexilouue pe tOov 1810 TPOMO OTOV UMOAOLTIO TLVAKA. - The algorithm runs faster on faster computers.
for (int i = 0; i < size; i++) { Computer Tim ( )
// BploKoupUE TO HULKPOTEPO OTOLXELO amoé auTd Ot OE0€1C >= 1 ompute Ime (secs
int min_position = i;
O 1 N R T PV P Computer A 51.915
if (array[j] < array[min_position]) Computer B 11.508
min_position = j;
L ) L Computer C 2.382
// swap Twv OTolxelwv 1 Kal min_position
int temp = array[i]; Computer D 0.431
array[i] = array[min_position];
a[min_position] = temp; Computer E 0.087
}
}




More Measurements

* What about different programming languages?
* Or different compilers?

« Can we say whether algorithm A is better than B?

A more meaningful criterion

 Algorithms consume resources: e.g. time and space

* In some fashion that depends on the size of the problem solved
- the bigger the size, the more resources an algorithm consumes

* We usually use n to denote the size of the problem

- the length of a list that is searched
- the number of items in an array that is sorted
- elc

selection_sort running time

In msecs, on two types of computers

Array Size Home Computer Desktop Computer

125 12.5 2.8
250 49.3 11.0
500 195.8 43.4
1000 780.3 172.9
2000 3114.9 690.5

Curves of the running times

If we plot these numbers, they lie on the following two curves:

» fi(n) = 0.0007772n% + 0.00305n + 0.001
* f2(n) = 0.0001724n2 + 0.00040n + 0.100

BOOOO |
BOOOO |

40000 |
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Discussion

* The curves have the quadratic form f(n) = an? + bn + ¢
- difference: they have different constants a, b, c

 Different computer/programming language / compiler:

- the curve that we get will be of the same form!

* The exact numbers change, but the shape of the curve stays the same.

Complexity classes, O-notation

* We say that an algorithm belongs to a complexity class
* Aclass is denoted by O(g(n))

- g(m) gives the running time as a function of the size n

- it describes the shape of the running time curve
* For selection_sort the time complexity is O(n?)

- take the dominant term of the expression an? + bn + ¢

- throw away the constant coefficient a

o]
Why only the dominant term? Why only the dominant term?
f(n)=an?+bn+c * The lesser term bn + c contributes very little
witha = 0.0001724,b = 0.0004 and ¢ = 0.1. - even though b, care much larger than a
- Thus we can ignore this lesser term
n  f(n) an® n?term as % of total

125 58 57 94 7 « Also: we ignore the constant a in an?

250 110 108 982 - It can be thought of as the “time of a single step”

500 434 431 99 3 - It depends on the computer / compiler/ etc

1000 1729 172.4 997 - We are only interested in the shape of the curve

2000 690.5 689.6 99.9




Common complexity classes

O-notation Adjective Name

Sample running times for each class

Assume 1 step =1 pysec.

0(1) Constant g(n) m=2 n=16 n=256 n=1024
O(logn)  Logarithmic 1 Tusec 1 psec 1 psec 1 psec
O(n) Linear logn 1psec  4psec 8 ysec 10 psec
O(nlogn) Quasi-linear n 2Usec  16usec 256 ysec 1.02 ms
O(n?) Quadratic nlogn 2psec 64psec  2.05ms 10.2ms
O(n®) Cubic n?  4psec 25.6psec  65.5ms 1.05
o(2") Exponential n3 8usec  4.1ms 16.8 ms 17.9 min
O(107) Exponential 2" 4pusec  65.5ms  10% years 1027 years
0(2%") Doubly exponential
The largest problem we can solveintime T Complexity of well-known algorithms
Assume 1 step =1 psec. Sequential searching of an array O(n)
g(n) T=1min T=1hr Binary searching of asortedarray ~ O(logn)
n 6 x 107 3.6 x 10° Hashing (under certain conditions) ~ O(1)
nlogn 2.8 x10°%° 1.3 x 10® Searching using binary search trees  O(log n)
n?  7.75 x 10® 6.0 x 10 Selection sort, Insertion sort O(n?)
nd  3.91 x 102 1.53 x 10° Quick sort, Heap sort, Mergesort ~ O(nlogn)
2" 25 31 Multiplying two square x matrices  O(n?)
10™ 7 9 Traveling salesman, graph coloring ~ O(2")




Formal definition of O-notation

f(n) is the function giving the actual time of the algorithm.
We say that f(n)is O(g(n)) iff
* there exist two positive constants K and nyg

* suchthat [f(n)| < K|g(n)| Yn > ny.

We will not Focus on the formal definition in this course.

Intuition

* An algorithm runs in time O(g(n)) iff it finishes in at most g(n) steps.

* A‘step” is anything that takes constant time
- abasic operation,ega = b + 3
- acomparison, egif(a == 4)

- elc
 Typical way to compute this

- find an expression f(m) giving the exact number of steps
(oran upper bound)

- find g(n) by removing the lesser terms and coefficients
(justified by the formal definition)

Example Scale of strength For O-notation
* Analgorithm takes f(n2) number of steps, where To determine the dominant term and the lesser terms:
- fn)=3+6+9+---+3n
fm) O(1) < O(logn) < O(n) < O(n?) < O(n*) < O(2") < O(10™)
- We will show that the algorithm runs in O(n?) steps.
Example:
* First find a closed form for f(n): o 3 « O(6n° — 15n% + 3nlogn) = O(6n%) = O(n?)
) _ __qn(n+l) _ 3 2
fn)=31+4+2+---4+n)=3"5"=3n"+n
e Throw away
- thelesser term %n
- and the coefficient 3
* We get O(n?)
20




Ignoring bases of logarithms

* When we use O-notation, we can ignore the bases of logarithms

- assume that all logarithms are in base 2.
* Changing base involves multiplying by a constant coefFicient
- ignored by then O-notation

logn
log 10 log 10

* Forexample, log;yn =

. Notice now that —— is a constant.

o(1)

* Itis easy to see why the O(1) notation is the right one for constant time
* Constant time means that the algorithm finishes in k steps

* O(k) isthe same as O(1), constants are ignored

Caveat 1 Caveat 2
* O-complexity talks about the behaviour for large values of n * O(g(n)) complexity is an upper bound
- thisis why we ignore lesser terms! - the algorithm finishes in at most g(n) steps

* Forsmall sizes a “bad” algorithm might be faster than a “good” one « Comparing algorithms can be misleading!

* We can test the algorithms experimentally to choose the best one - item A costs at most 10 euros
- item B costs at most 5000 euros
- which one is cheaper?

* Programmers often say O(g(n)) but mean ©(g(n))
- finishes in “exactly” g(n) steps
- we won't use © but keep this in mind
B




Types of complexities Worst-case vs Average-case

* Depending on the data * Say we want to sort an array, which values are stored in the array?
- Worst-case vs Average-case * Worst-case: take the worst possible values

* Depending on the number of executions + Average-case: average wrt to all possible values
- Real-time vs amortized-time « Eg. quicksort

- worst-case: O(n?) (when data are already sorted)

- average-case: O(n logn)

25 |
Real-time vs amortized-time Some algorithms and their complexity
* How many times do we run the algorithm? We will analyze the following algorithms
* Real-time: just once  Sequential search
- misthe size of the problem + Selection sort

* Armortized-time: multiple times * Recursive selection sort

- take the average wrt all execution (not wrt the values!)

- misthe number of executions

« Example: Dynamic array! (we will see it soon)




Sequential search

// Avalntd Ttov aképaio target otov mivaka target. EmMioTpEpel TN 6€0n
// Tou atolxeiouv av PBpebeil, dLaPOPETIKG -1

int sequential_search(int target, int array[], int size) {
for (int i = 0; i < size; i++)
if (array[i] == target)
return i;

return -1;

* The steps to locate target depends on its positionin array
- iftargetisinarray[0], then we need only one step

- iftargetisinarray[i-1], then we need 7 steps

Complexity analysis

Worst case

e Thisiswhen targetisinarray[size-1]

* The algorithm needs n steps

* Soits complexity is O(n)

Complexity analysis

Average case
* Assume that we always search for a target that exists in array
* If target == array[i-1] then we need i steps

* Average wrt all possible positions 7 (all are equally likely)

_ 1+...4+n __ 2 _mn
Average = " = 22— = T 4

* Therefore the average is O(n)

- Same if we consider targets that don't exist in array

Selection sort algorithm

// Ta&ivouel tov mivaka array peygOBoug size

void selection_sort(int array[], int size) {
// BploKOUUE TO HULKPOTEPO OTOLXELO TOU TMivaka, TO TOmoOeToUuUE OTn 6
// Kat ouvvexidoupe pe TOV 1010 TPOMO OTOV UMOAOLTO MLVOKA.

for (int i = 0; i < size; i++) {
// BploKoupe TO ULKPOTEPO OTOLXELO amod auTd O OE0€1C >= 1
int min_position = i;
for (int j = 1i; j < size; j++)
if (array[j] < array[min_position])
min_position = j;

// swap Twv OTOolxelwv 1 Kal min_position
int temp = array[i];

array[i] = array[min_position];
a[min_position] = temp;




Complexity analysis of selection_sort

* Inner for
- its bodyis constant: 1 step
- m — 1 repetitions (n = size, ¢ =current value of 1)

- so the whole loop takes n — 7 steps

» Outer for:
- its body takes n — 7 steps
° +1 for the constant swapping part (ignored compared ton — 17)

- first execution: n steps, second: n — 1 steps, etc

- Totakm+...4+ 1= @steps

* So the time complexity of the algorithm is O(n?)

Recursive selection_sort

Auxiliary functions

// Bpilokel tn 6€0n TOU EAGX1OTOU OTOlLXELOU OTOV TiVaKa array

int find_min_position(int array[], int size) {
int min_position = 0;

for (int i = 1; i < size; i++)
if (array[i] < array[min_position])
min_position = 1i;

return min_position

3

// AvtaAddoelr ta otoixeila a,b tou mivaka array

void swap (int array[], int a, int b) {
int temp = array[a];
array[a] = array[b];
array[b] = temp;

Recursive selection_sort

Elegant recursive version of the algorithm

// Taéivouel tov mivaka array peye6oug size

void selection_sort(int array[], int size) {
// Mg Ailydtepa amo 2 OTOolXEla OV €XOUUE TIMOTA VA KAVOUUE
if (size < 2)
return;

// TOmoBeTOUUE TO EAGX1LOTO OTOLXELO OTNV apxh
swap(array, 0, find_min_position(array, size));

// Ta&ivopoUue TOV UMOAOLTIO TLVaKO
selection_sort(&array[1], size - 1);

Analysis of recursive selection_sort

« How many steps does selection_sort take?

- Let g(n) denote that number
*+ g(0) = g(1) = 1 (nothing to do)

* Forn > 1selection_sort calls:
- find_min_position: n steps
- swap: 1 step (ignored compared to n)

- selection_sort: g(n — 1) steps

n+gn—1) n>1

Sog(n) =
g(n) . n<l




Analysis of recursive selection_sort ADTList using Linked Lists

This is a recurrence relation, we can solve it by unrolling: What is the worst case complexity of each operation?
g(n) =n-+ g(n — 1) * list_insert_next
=n+(n-1)+g(n—2) « list_remove_next

=n+(n-1)+(n—2)+g(n—3) + list_next

| « list_last

n(n+1) « list_find
2

So again we get complexity O(n?)

Readings

 T.A.Standish. Data Structures, Algorithms and Software Principles in C,
Chapter 6.

« Robert Sedgewick. AAyépiBpol og C, Ke@. 2.




Dynamic Arrays
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How can we implement ADTVector?

« AVector can be seen as an abstract resizable “array”

* So it makes sense to implement it using a real array

- store Vector's elements in the array

- vector_get_at, vector_set_at are trivial

e Butwhat about vector_1insert_last?

- Arrays in C have fixed size

Dynamic arrays Dynamic arrays
* Main idea: resize the array * Main idea: resize the array
- such arrays are called “dynamic” or “growable” - such arrays are called “dynamic” or “growable”
* Problem: we need to copy the previous values * Problem: we need to copy the previous values
« A possible algorithm for vector_1insert_last « A possible algorithm for vector_1insert_last
- Allocate memory for size+1 elements - Allocate memory for size+1 elements
- Copy the size previous elements - Copy the size previous elements
- Setthe new element as last - Setthe new element as last
- Increase size - Increase size
« What is the complexity of this? « What is the complexity of this?
- O(n), because of the copy!
- Can we do better?
B B




Improving the complexity of insert

* Idea: allocate more memory than we need!
- eg. allocate memory for 100 “empty” elements
> capacity: total allocated memory
o size: number of inserted elements

- Insertis O(1) if we have free space (just copy the new value)
 Does this change the complexity?

- in the worst-case?

- inthe average-case?

Improving the complexity of insert

* Idea: allocate more memory than we need!
- eg. allocate memory for 100 “empty” elements
o capacity: total allocated memory
o size: number of inserted elements

- Insertis O(1) if we have free space (just copy the new value)
« Does this change the complexity?

- in the worst-case?

- inthe average-case?

* No, for some values of n the operation is still slow!

- For any values, “average-case” makes no differece

Amortized-time complexity

* We see here the value of amortized-time complexity
- Asingle execution can be slow
- But "most” are fast

- In many application we only care about the average wrt all executions

e Assume we reserve 100 more elements each time

- How many steps each insert takes on average?

Amortized-time complexity

* We see here the value of amortized-time complexity
- Asingle execution can be slow
- But "most” are fast

- In many application we only care about the average wrt all executions

e Assume we reserve 100 more elements each time

- How many steps each insert takes on average?

* Intuitively: 155 So still O(n), same complexity!
- Same for any constant number of empty elements k
- Remember, complexity cares about large n! Thinkn > k

- Can we do better?




How to improve the complexity

Idea: the number of empty elements must depend on n

- Use more empty elements as the Vector grows!

Standard approach: reserve a - n extra elements

- forsome constant a > 1, called the growth Factor
Common values

-a=2

-a=1.5
In this class we will use a = 2

- we always double the capacity

A property to remember

* Consider the geometric progression with ratio 2
1,21,22,...,2"
* Summing n terms, we get the next one minus 1
1+2t 4224 ... 42" =21 1

* So each termis larger than all the previous together!

- Thisisimportant since sereral quantities double in data structures

From linear to constant time

We always double the capacity
- What is the amortized-time complexity of insert?

We do ninsertions starting from an empty Vector

- Assume the last one was “slow” (the most “unlucky” case)

How many steps did we peform in total?
- mstepsjust for placing each element
- msteps for the last resize
- How many for all the prevous resizes together?

L 41=n—1

So less than 3n in total!

.3n
- Onaverage: 7 = O(1)

- Key point: previous inserts are insignificant compared to the last one




Removing elements

What about vector_remove_last?

 Simplest strategy: just consider the removed space as “empty”
- vector_remove_last is clearly worst-case O(1)

- Insertis not affected (we never reduce the amount of free space)

« Commonly used in practice

- eg.std::vectorin C++

* Problem: wasted space

Recovering wasted space

* Idea: if half of the array becomes empty, resize
- the opposite of the doubling growing strategy
- Is this ok?

o]
Recovering wasted space Recovering wasted space
* Idea: if half of the array becomes empty, resize * Better strategy
- the opposite of the doubling growing strategy - when only i of the array is full
- i ?
Is this ok? - resizeto % of the capacity!
» Careful - So we still have “room” to both insert and remove
- thisis ok if we only remove
5 binati Y ‘ . ohtb ow! * We can show that even a combination of insert+remove is O(1)
- but a combination of remove+insert might become slow! amortized-time
 Think of the following scenario
- Insert m elements with n = 2%
- The vectoris now full
- Perform a series of: insert, remove, insert, remove, ...




Implementation

Types

// Eva VectorNode egivai pointer o€ autdé 10 Struct.

struct vector_node {
Pointer value; // H Tiun tou KouBou.

Y
// Eva Vector eivai pointer g€ autd TO Struct

struct vector {
VectorNode array; // Ta degdougva, mivakag amo struct ve
int size; // Mdoa otolxela €XouUE TPOOBETEL
int capacity; // 600 XWpo EXOUUE OEOUEVTEL
DestroyFunc destroy_value; // Xuvdptnon mou KATAOTPEPEL EVA OTOl

3

Implementation

Vector vector_create(int size, DestroyFunc destroy_value) {
// APX1KA TO vector TMEPLEXEL Size UN-OPXLKOMOLNUEVA OTOLXELA, QA
// OEOUEVOUUE XWPO yla TOUAdxioTov VECTOR_MIN_CAPACITY yia va amo
// MoAAamAd resizes
int capacity = size < VECTOR_MIN_CAPACITY ? VECTOR_MIN_CAPACITY :

// Agouguon pviung, yia to Struct kai 1o array.
Vector vec = malloc(sizeof(*vec));
VectorNode array = calloc(capacity, sizeof(*array)); // apxikomo

vec->size = size;

vec->capacity = capacity;
vec->array = array;
vec->destroy_value = destroy_value;

return vec;

Implementation

Random access is simple, since we have a real array.

Pointer vector_get_at(Vector vec, int pos) {
return vec->array[pos].value;

}

void vector_set_at(Vector vec, int pos, Pointer value) {
// Av umdpxel ouvvdptnon destroy value, TNV KaAOUUE yla
// TO OTolXelo mou avtikabioTatat
if (value != vec->array[pos].value && vec->destroy_value != NULL)
vec->destroy_value(vec->array[pos].value);

vec->array[pos].value = value;

Implementation

Insert, we just need to deal with resizes.

void vector_insert_last(Vector vec, Pointer value) {
// MeyaAwvoupe tov mivaka (av XPELAOTEL), WOTE va XWPAEL TOUAdX1O
// otoixetia. AimAaoiddovpue Kdbe @opd TO capacity (OnuUAVTiKO yia T
// moAumAokdtnta!)
if (vec->capacity == vec->size) {
vec->capacity *= 2;
vec->array = realloc(vec->array, vec->capacity * sizeof(*new_

}

// MeyaA®VoupE TOV MIVAKA KAl TPOOOETOUUE TO OTOLXELO
vec->array[vec->size].value = value;
vec->size++;




Takeaways

* Dynamic arrays are the standard way to implement ADTVector

* Insertis O(1)
- but amortized-time!

- would you use a dynamic array in the software controlling an Airbus?

* Removeisalso O(1)

- also amortized, if we care about recovering wasted space

* Random access (get/set) is always worst-case O(1)




Binary Trees, Heaps
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Binary trees

A binary tree (6uadiké 8€évtpo) is a set of nodes such that:

* Exactly one node is called the root
* All nodes except the root have exactly one parent

* Each node has at most two children

- and the are ordered: called left and right

Example: a binary tree

Example: a different binary tree

Whether a child is left or right matters.




Terminology

* path: sequence of nodes traversing from parent to child (or vice-versa)
* length of a path: number of nodes -1 (= number of “moves” it contains)
* siblings: children of the same parent

» descendants: nodes reached by travelling downwards along any path

* ancestors: nodes reached by travelling upwards towards the root

* leaf / external node: a node without children

* internal node: a node with children

Terminology

* Nodes tree can be arranged in levels / depths:
- Therootis at level 0

- lts children are at level 1, their children are at level 2, etc.
* Note: node level = length of the (unique) path from the root to that node
* height of the tree: the largest depth of any node

 subtree rooted at a node: the tree consisting of that node and its
descendants

Complete binary trees

A binary tree is called complete (nAfpeg) if

+ Alllevels except the last are “Full” (have the maximum number of nodes)

« The nodes at the last level fill the level “from left to right”

Example: complete binary tree




Example: not complete binary tree

Example: not complete binary tree

g
Level order Nodes of a complete binary tree
Ordering the nodes of a tree level-by-level (and left-to-right in each level). « How many nodes does a complete binary tree have at each level?
« At most

- 1 atlevel 0.

- 2atlevel 1.

- 4 atlevel 2.

- 2F atlevel k .




Properties of binary trees

 The following hold:
-h+1<n< 2l 1
- 1<ng<2h
-h<ny<2h-1
-log(n+1)—1<h<n-1
« Where
- m:number of all nodes
- my:number of internal nodes

- npg:number of external nodes (leaves)
- h:height

Properties of complete binary trees

h <logn
« Veryimportant property, the tree cannot be too “tall”!
« Why?
- Any levell < h contains exactly 2! nodes
- Level h contains at least one node
-Sol+2+...+2 141 =2"<n
- And take logarithms on both sides

B |
How do we represent a binary tree? Sequential representation
Store the entries in an array at level order.
A H D K B/ F|J L AC E G| I
1 2 3 4 5 6 7 8 9 10 11 12
* Common for complete trees
* Alot of space is wasted for non-complete trees
- missing nodes will have empty slots in the array
15] 16|




How to find nodes

To Find: Use Provided

The left child of Ai]  A[24] 2i<n
Theright childof A[i] A[2i+1] 2i4+1<mn
The parent of Al[i] Ali/2] i>1

The root A[l] Ais nonempty

Whether A[i] is a leaf

2t >n

Heaps

A binary tree is called a heap (cwpdc) if
* |tis complete, and

* each nodeis greater or equal than its children

(Sometimes this is called a max-heap, we can similarly define a min-heap)

Example Heaps and priority queues

* Heaps are a common data structure forimplementing Priority Queues

 The following operations are needed
- find max
- insert
- remove max
- create with data

* We need to preserve the heap property in each operation!

B




Find max

* Trivial, the max is always at the root

- remember: we always preserve the heap property

« Complexity?

Inserting a new element

* The new element can only be inserted at the end

- because a heap must be a complete tree

* Now all nodes except the last satisfy the heap property
- torestoreit: apply the bubble_up algorithm on the last node

Inserting a new element Example insertion
bubble_up(node)
(efofofefrafefs[a]e] [ [ [ [T T [T T T T T TTTT[TT] |
. Be fo re ] 1 2 3 4 5 & 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 2 23 24 25 26 27 28 29 30 31
- node might be larger than its parent
- all other nodes satisfy the heap property
* After
- all nodes satisfy the heap property
* Algorithm
- ifnode > parent
> swap them and call bubble_up(parent)
B




Example insertion

wfsfofefefofefs[afels] [ [ [T T I T T [T T T T ITTTTTT]
c 1 2 3 4 5 & 7 B

9 o 11 12 13 14 15 16 17 18 18 20 21 2 23 24 2% 2% 27 2 28 30 3

Inserting 15 and running bubble_up

Example insertion

[w[osfufe]r]ofe]s[o]*]s]e] [ | [ [ [

9 o 11 12 13 14 15 16 17 18 18 20 21 2 23 24 2% 2% 27 2 28 30 3

Inserting 12 and running bubble_up

Complexity of insertion

« We travel the tree from the last node to the root
- on each node: 1 step (constant time)

* So we need at most O(h) steps
- histhe height of the tree
- but h < logn on acomplete tree

* SoO(logn)

- the “complete” property is crucial!

Removing the max element

« We want to remove the root

- but the heap must be a complete tree

* So swap the root with the last element
- then remove the last element

* Now all nodes except the root satisfy the heap property
- torestoreit: apply the bubble_down algorithm on the root




Removing the max element

bubble_down(node)

* Before
- node might be smaller than any of its children

- all other nodes satisfy the heap property

+ After
- all nodes satisfy the heap property

* Algorithm
- max_child = the largest child of node
- Ifnode < max_child

> swap them and call bubble_down(max_child)

Example removal

wfofefelefofefs[o]s] [ T T [T T T IT T T T I TT]
c 1 2 3 4 5 6 7 B

9 o 11 12 13 14 15 16 17 18 18 20 21 2 23 24 2% 2% 27 2 28 30 3

Example removal

Removing element: 9

efofofofalofefe oL T I LI T I T T T LI LI I LTI T]
¢ 1 2 3 4 5 & 7 B

9 0 1 12 13 14 15 16 17 18 19 20 21 2 23 24 2 2% 27 2B 29 30 31

Removing 9 and restoring the heap property

Complexity of removal

« We travel a single path from the root to a leaf

* So we need at most O(h) steps
- histhe height of the tree

* Again O(logn)

- again, having a complete tree is crucial




Building a heap from initial data

* What if we want to create a heap that contains some initial values?

- we call this operation heapify

+ "Naive” implementation:

- Create an empty heap and insert elements one by one

« What is the complexity of this implementation?

- Wedoninserts
- Eachinsertis O(log n) (because of bubble_up)
- So O(nlogn) total

« Worst-case example?
- sorted elements: each value with have to fully bubble_up to the root

Efficient heapify

 Betteralgorithm:
- Visit allinternal nodes in reverse level order
° lastinternal node: g (parent of the last leaf n)

o firstinternal node: 1 (root)
- Callbubble_down on each visited node
« Why does this work?

- when we visit node, its subtree is already a heap

> except from node itself (the precondition of bubble_down)

- So bubble_down restores the heap property in the subtree

- After processing the root, the whole tree is a heap

Heapify example

el TTI T T IT T I T I I T LTI L]

0 1 2 3 4 5 & 7 8 9 0 1 12 13 14 15 16 17 18 19 20 21 2 23 24 2 2% 27 2B 29 30 31

Heapify example

[we[s[u]sfo[ufr]e[sfo]s]s]s]e]2u] [ [ | [ | [ |
0 1 1z

14 15 16 17 18 19 20 21 2 23 24 2 26 27 2 29 30 31

Visit internal nodes in inverse level order, call bubble_down.




Complexity of heapify

* We call bubble_down % times
- SoO(nlogn)?
* But thisis only an upper-bound

- bubble_down is faster closer to the leaves
- and most nodes live there!

- we might be over-approximating the number of steps

Complexity of heapify

« More careful calculation of the number of steps:
- If node is at level [, bubble_down takes at most A — [ steps
- At most 2! nodes at this level, so (h — 1)2! steps for level I
- For the whole tree: Z;:OI (h—1)2!

- This can be shown to be less than 2n (exercise if you're curious)

* So we get worst-case O(n) complexity

Efficient vs naive heapify

* Fornaive_heapify we found O(nlogn)
- maybe we are also over-approximating?

* No:in the worst-case (sorted elements) we really need n log n steps
- try to compute the exact number of steps

* The difference:

- bubble_upis faster closer to the root, but Few nodes live there

- bubble_down is faster closer to the leaves, and most nodes live there

* Note: in the average-case, the naive version is also O(n)

Implementing ADTPriorityQueue

Types

// Eva PriorityQueue eilvai pointer o€ autd TO Struct

struct priority_queue {
Vector vector; // Ta d&gdouéva, oge Vector yra peTaBAn
CompareFunc compare; // H didtaén
DestroyFunc destroy_value; // Xuvdptnon mou KATAOTPEPEL Eva OTOl

}i




ADTPriorityQueue implementation

Types.

// Eva PriorityQueue eivai pointer o€ autd to Struct

struct priority_queue {
Vector vector; // Ta dedougva, oe Vector yira petaBin
CompareFunc compare; // H didtaén
DestroyFunc destroy_value; // Xuvdptnon mou KATAOTPEPEL EVA OTOl

3

ADTPriorityQueue implementation

Finding the max is trivial.

Pointer pqueue_max(PriorityQueue pqueue) {
return node_value(pqueue, 1); // root
}

ADTPriorityQueue implementation

For pqueue_1insert, the non-trivial part is bubble_up.

// AmokaB@iotd tnVv 1010TNTA TOU O0WPOU.

// Mpiv: O0Aol ol KOpBol i1kavomoioUV TNV 1010TNTa TOU OwpoU, €EKTOG amd
// Tov node mou UMOPET va €ival _UEYAaAUTEPOG_ amo TOV MATEPA TO
// Metd: O0Aol ol KOpBOl 1KavomoioUV Tnv 1010TNTa TOU OwpoU.

static void bubble_up(PriorityQueue pqueue, int node) {

// Av gtdoaue otn pila, OTAUATAUE

if (node == 1)

return;

int parent = node / 2; // 0 matépa¢ tou KOuPBou. Ta node ids
// AV 0 MATEPAG EXEL ULKPOTEPN TLUN amd TOV KOUBO, Swap KAl OUVEX
if (pqueue->compare(node_value(pqueue, parent), node_value(pqueue

node_swap(pqueue, parent, node);

bubble_up(pqueue, parent);

ADTPriorityQueue implementation

// Mpiv: O0Aol ol KOpBol i1kavomoioUV TNV 1810TNTa TOU OwpoU, EKTOG amd
// node mou pmopel va €ilvat _U1KPOTEPOG  amo KAmoio amd Ta maid
// Metd: O0Aol ol KOpBOl 1KavomoioUV TNV 1810TNTAa TOU OwpoU.

static void bubble_down(PriorityQueue pqueue, int node) {
// Bplokouue ta maidid tou KouBou (av Sev UMAPXOUV OTAUATAUE)
int left_child = 2 * node;
int right_child = left_child + 1;
int size = pqueue_size(pqueue);
if (left_child > size)
return;

// Bplokouue tO pHEYLOTO amo Ta 2 mMaidid

int max_child = left_child;

if (right_child <= size && pqueue->compare(node_value(pqueue, lef
max_child = right_child;

// Av 0 KOuBog €ival H1LKPOTEPOG amoé TO MEYLOTO maidi, Swap Kai ou
if (pqueue->compare(node_value(pqueue, node), node_value(pqueue,
node_swap(pqueue, node, max_child);
bubble_down(pqueue, max_child);




Other possible representations

Operation Heap Sorted List Unsorted Vector
pqueue_create (withdata) O(n)  O(nlogn) 0(1)
pqueue_remove O(logn) O(1) O(n)
pqueue_insert O(logn) O(n) 0(1)

All of them have some advantage

« Heaps provide a great compromise between insertions and removals

Using ADTPriorityQueue for sorting

« We can easily sort data using ADTPriorityQueue

- create a priority queue with the data

- remove elements in sorted order

* When ADTPriorityQueue is implemented by a heap

- this algorithmis called heapsort

- and runsin time O(nlogn)

Readings
 T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 9. Sections 9.1 to 9.6.
 R.Sedgewick. AAyépiBuot o€ C. Ke®. 5 kal 9.
Proofs of given statements can be found in the following book:

« M.T. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++.2nd edition. John Wiley and Sons, 2011.




Binary Search Trees
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Search

« Searching for a specific value within a large collection is fundamental
« We want this to be efficient even if we have billions of values!

 So far we have seens two basic search strategies:
- sequential search: slow
- binary search: fast

> but only for sorted data

[ [
Sequential search Binary search
// Avadntd tov akEpaio target otov mivaka target. EMLOTPEPEL // Avadntd tov akEpaio target otov ___taéivounuévo__ mivaka target.
// tn 0gon tou otroixeilou av Lpebeil, S10POPETLKG -1. // Emiotpgpel TN O£0n TOU OTOlLXELOU Qv Lpebel, SLAPOPETLKG -1.
int sequential_search(int target, int array[], int size) { int binary_search(int target, int array[], int size) {
for (int i = 0; i < size; i++) int low = 0O;
if (array[i] == target) int high = size - 1;
return i;
while (low <= high) {
return -1; int middle = (low + high) / 2;
}
if (target == array[middle])
. return middle; // BpEBnke
We already saw that the complexity is O(n). else if (target > array[middle])
low = middle + 1; // ouvvexidouvue OTO MAVW [100
else
high = middle - 1; // ovvexilouvue O0TO KATW 100
}
return -1;
}
Important: the array needs to be sorted
a8




Binary search example

At each step the search space is cut in half.

Binary search example

«def binarySearchilistData, value)
low=0 Seaching For 119 Result 2 Element found
high = lenflistData) - 1

whiz (low <= high)
mid = (Jow + high) | 2
if (listData[mid] = value):
return mid
elif (listData[mid] < value)
low = mid + 1 low 2 mid 2 high
eise
high = mid - 1
retum -1

a74

900

941

At each step the search space is cut in half.

14

15

Complexity of binary search

+ Search space: the elements remaining to search

- those between low and right

* The size of the search space is cut in half at each step

- Afterstep i there are 3; elements remaining

* Westopwhen 5; <1
- in other words whenn < 2°

- orequivalentlywhenlogn < 7

* Sowe will do at most log n steps
- complexity O(log n)

- 30 steps for one billion elements

Conclusions

 Binary search is fundamental for efficient search
* But we need sorted data

* Maintaining a sorted array after an insert is hard
- complexity?

* How can we keep data sorted and simultaneously allow efficient inserts?




Binary Search Trees (BST)

A binary search tree (Suadikd 6évtpo avalfitnonc) is a binary tree such that:

+ every node is larger than all nodes on its left subtree
+ every node is smaller than all nodes on its right subtree
Note

* Novalue can appear twice
(it would violate the definition)

* Any compare function can be used for ordering.
(with some mathematical constraints, see the piazza post)

Example

Example

A different tree with the same values!

Example




BST operations

» Container operations

- Insert /Remove
» Search for a given value
* Ordered traversal

- Find First / last
- Find next/previous
« So we can use BSTs to implement

- ADTMap (we need search)
- ADTSet (we need search and ordered traversal)

Search

We perform the following procedure starting at the root

* IfFthe treeis empty
- target does not exist in the tree

 If target = current_node

- Found!

* If target < current_node

- continuein the left subtree

 If target > current_node

- continuein the right subtree

Search example Search example
OO OO
OOC) &) OO )
O®® O®®
Searching for 8




Search example

Found:8

Complexity of search

« How many steps will we make in the worst case?
- We will traverse a path from the root to the tree

- h steps max (the height of the tree)

* But how does h relate to n?
- h=0(n) in the worst case!

- when the tree is essentially a degenerate “list”

Searching in this tree is slow

Complexity of search

* Thisis a very common pattern in trees
- Many operations are O(h)

- Which means worst-case O(n)

* Unless we manage to keep the tree short!

- We already saw this in complete trees, in which h < logn

« Unfortunately maintaining a complete BST is not easy (why?)
- But there are other methods to achieve the same result
o AVL, B-Trees, etc

- We will talk about them later




Inserting a new value

* Inserting a va'lue is very similar to search

« We follow the same algorithm as if we were searching for value
- If valueis found we stop (no duplicates!)

- If we reach an empty subtree insert value there

Insert example

Insert example Insert example
© O,
n/]
Inserting e Inserting b




Insert example

Inserting d

Insert example

Inserting f

e )
G’]/C{‘W
S

Insert example Insert example
r)
Inserting a Inserting g




Insert example Complexity of insert

* Same as search

* O(h)

- So O(n) unless the tree is short

Inserting c
B
Deleting a value Deleting a value
* We might want to delete any node in a BST * Hard case: node has two children (eg. 10)

* Easy case: node has as most 1 child  Find the next node in the order (eg. 12)

« Connect the child directly to node's parent - left-most node in the right sub-tree!

- BST property is preserved (why?) (or equivalently the previous node)

« We can replace node's value with next's

- this preserves the BST property (why?)

* And then delete next

- This has to be an easy case (why?)




Delete example

Delete example

Delete 4 (easy).

Delete example

Delete 10 (hard). Replace with 7 and it becomes easy.

Complexity of delete

* Finding the node to delete is O(h)

* Finding the next / previous isalso O(h)




Ordered traversal: first/last

* How to find the First node?
- simply follow left children
- O(h)

- same for last

Ordered traversal: next

* How to find the next of a given node?

* Easy case: the node has a right child
- find the left-most node of the right subtree
- we used this for delete!

 Hard case: no right-child, we need to go up!

Ordered traversal: next

General algorithm for any node.
Perform the following procedure starting at the root

// Yevdokwdikag, current_node givat n pida ToU TPEXOVTOG ULMOJEVTPOUL,
// node elvat o KOuBoG Tou omolou TOV EMOUEVO YAXVOUUE.

find_next(current_node, node) {
if (node == current_node) {

// 0 target eivat n pila TOU UMOSEVTPOU, O EMOUEVOG €lval o U

// tou dg&1oU UMOSEVTPOU (av €lval KEVO TOTE OV UMAPXEL EMOU

return node_find_min(right_child); // NULL av dev umdpxe

} else if (node > current_node)) {
// 0 target eivai 0To APlLOTEPO UMOSEVTPO,
// OmMOTE KAl O TPONYOUUEVOG TOU €1val €KET.
return node_find_next(node->right, compare, target);

} else {
// 0 target egival 0TO APlLOTEPO UMOOEVTPO, O EMOUEVOG TOU UTOP
// emiong eKel, av Ox1 0 E€MOUEVOG Tou €ilvatl o 1010G¢ 0 node.
res = node_find_next(node->left, compare, target);
return res != NULL ? res : node;

Complexity of next

« Similar to search, traversing the tree from the root to the leaves

- s0O(h)
« We can doit faster by keeping more structure

« We can keep a bidirectional list of all nodes in order

- O(1) to find next, no extra complexity to update

* More advanced: keep a link to the parent
- Find the next by going up when needed
- Canyou find the algorithm?
- Real-time complexity is still O(h) if we traverse to the root

- Butwhat about amortized-time?




Rotations

* Rotation (nepiotpo@n) is a fundamental operation in BSTs

- swaps the role of a node and one of its children

- while still preserving the BST property
* Right rotation
- swap a node h and its left child x
- x becomes the root of the subtree
- the right child of  becomes left child of h
- h becomes aright child of
* Left rotation

- symmetric operation with right child

Example: right rotation

Example: right rotation

Example: right rotation




Example: right rotation

Example: right rotation

Example: left rotation

Example: left rotation




Example: left rotation

Example: left rotation

Example: left rotation

Complexity of rotation

« Only changing a few pointers
» No traversal of the tree!

* So0O(1)




Root insertion

» Goal

- insert a new element

- placeit at the root of the tree

* Simple recursive algorithm using rotations
1. If empty: trivial
2. Recursively insert in the left/right subtree
- depending on whether the value is smaller than the root or not
- after the recursive call finishes we have a proper BST
- with the value as the root of the left/right subtree
3. Rotate left orright

- the value comes at the root!

Example: root insertion

We are inserting G. The recursive algorithm is first called on the root A, then it
makes recursive calls on the right subtree S, then on E, R, H, and finally a
recursive call is made on the empty left subtree of H.

Example: root insertion

Gisinsertedin the empty left subtree of H.

Example: root insertion

The call on H does a right rotation, G moves up.




Example: root insertion Example: root insertion

The call on E does a left rotation, G moves up.

The call on R does a right rotation, G moves up.

Example: root insertion Example: root insertion

The call on R does a right rotation, G moves up. The call on A does a left rotation, G arrives at the root.




Complexity of root insertion
« The algorithm is similar to a normal insert
- traversing the tree towards the leaves: O(h)

* With an extra rotation at every step
- whichis O(1)

* SostillO(h)

Readings

« T.A.Standish. Data Structures, Algorithms and Software Principles in C.
- Chapter 5. Sections 5.6 and 6.5.
- Chapter9. Section 9.7.

* R.Sedgewick. AAyopiBuot o€ C.
- Keo. 12.
« M. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++.2nd edition.
- Section 9.3 and 10.1




AVL Trees
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Balanced trees

* We saw that most of the algorithms in BSTs are O(h)
- Buth = O(n) in the worst-case

* So it makes sense to keep trees “balanced”
- Many different ways to define what “balanced” means
- Inallof them: h = O(logn)

* Eg. complete are one type of balanced tree (see Heaps)
- Butit's hard to maintain both BST and complete properties together

* AVL: adifferent type of balanced trees

AVL Trees Example - AVL tree
« An AVL tree is a BST with an extra property:
For all nodes: [height(left-subtree) — height(right-subtree)| < 1

* In other words, no subtree can be much shorter/taller than the other
* Recall: height is the longest path from the root to some leaf

- tree with only a root: height 0

- empty tree: height -1
« Named after Russian mathematicians Adelson-Velskii and Landis

B




Example - AVL tree

Example - AVL tree

Example - Non-AVL tree

<

Example - Non-AVL tree




Example - Non AVL tree

The desired property

* InanAVL tree: h = O(logn)

- Proving this is not hard
* n(h): minimum number of nodes of an AVL tree with height h

* Weshowthath < 2logn(h)
- byinduction on h

- induction works very well on recursive structures!

« The base cases hold trivially (why?)
-n(0)=1
-n(l) =2

g
The desired property Balance factor
* Inductive step A node can have one of the following “balance factors”
h

- Assume 5 < logn(h) forallh < k Balance factor Meaning

- Show that it holds for an AVL tree of height h = k Sub-trees have equal heights
* Both subtrees of the root have height at least h — 2 / Left sub-treeis 1 higher

- because of the AVL property! // Left sub-tree is > 1 higher

- Son(k) > 2n(k — 2) (1) \ Right sub-tree is 1 higher
* Induction hypothesis forh = k — 2 \ Right sub-tree is > 1 higher

- ’“2;2 <logn(k —2)

Nodes -, /, \ are AVL.

* From (1) we take log on both sides and apply the ind. hypothesis Nodes //, \\ are not AVL.

- logn(k) > 1+logn(k—2) > 1+ 52 =1%




Example AVL Tree

©

Example AVL Tree

Example AVL Tree

Example AVL Tree




Example AVL Tree

Example non-AVL Tree

Example non-AVL Tree

Example non-AVL Tree




Example non-AVL Tree

Operations in an AVL Tree

Same as those of a BST

Except that we need to restore the AVL property
- afterinserting a node

- ordeleting a node

We do this using rotations

22
[ ) °
Recursive AVL restore AVL restore after insert
« Restoring the AVL property is a recursive operation * Assume r became \\ after an insert (the case // is symmetric)
* It happens during an insert or delete * Let x be the root of the right subtree
- Which are both recursive - The new value was inserted under x (since 7 is \\)
- When their recursive calls are unwinding towards the root
* What can be the balance factor of z?
* Sowhen we restore a node r, its children are already restored AVL trees
- \\ and // are not possible since the child x is already restored
* Casel:xis\
- Aleft-rotation on r restores the property!
- Both r and  become - (easily seen in a drawing)
23]




Insert: single left rotation atr

hT3

h—=|T | h|T

T, |h— |T

New node

T ¥ - r

6 New node

Tree height h+3 Tree height h+2

AVL restore after insert

e Case2:xis/
- Thisis more tricky

- Aleft-rotation on r (as before) might cause x to become //

* We need to do a double right-left rotation
- First right-rotation on =

- Then left-rotation on r

* The left-child w of x becomes the new root
- w becomes -
- r becomes - or/

- x becomes - or\

Insert: double right-left rotation at x and
r

w
r X
h
T ||h1]| T
T h| T h T or h| Ta
2 h-1 || T h
o o o

e o
One of T, or T, has the new node and height h
Tree height h+3

Tree height h+2

AVL restore after insert

e Case3:xis -

* Thisin fact cannot happen!
- Assume both subtrees of x have height h
- Then the left subtree of 7 also must have height (k)

- Otherwise AVL would be violated before the insert (see the drawings)




Symmetric case

* The case when x becomes // is symmetric

* We need to consider the BF of its left-child =
- xis / :we do asingle right rotation at r
- xis\ :we do a double left-right rotation at x and r

- xis - :impossible

Insert: single right rotation atr

®

New node Tree height h+3 Tree height h+2

Insert: double left-right rotation at x and
r

or h

T2 h-1 T3 h
o ® o

o o
One of T, or T, has the new node and height h Tree height h+2
Tree height h+3

Insert example




Insert example

Inserting BRU, causes single right-rotate at ORY

Insert example

Inserting DUS

Insert example Insert example
Inserting ZRH Inserting MEX
32| 32|




Insert example

Inserting ORD

Insert example

Inserting NRT, causes double right-left rotation at ORD and MEX

AVL restore after delete

* Assume r became \\ after delete (the case // is symmetric)

* Letx be the root of the right-subtree

- The value was deleted from the left sub-tree (since ris \\\)

* What can be the balance factor of x?

- \\ and // are not possible since the child x is already restored

* Casel:xis\
- Aleft-rotation on r restores the property!

- Both r and & become - (easily seen in a drawing)

Delete: single left-rotation atr

.
x )y r

h-1 < | T

h-1| T, T, |, M T, | bl
Deleted node

Height reduced




AVL restore after delete

* Case2:xis -
- After a delete this is possible!

- Aleft-rotation on r again restores the property

Delete: single left-rotation atr

- r becomes \, x becomes / h-1 T
T h
h T, T h 191 % T |rh
Deleted node
Height unchanged
B
AVL restore after delete Delete: double right-left rotation atr
* Case3:xis/ w
- Thisis more tricky
- Aleft-rotation on r (as before) might cause x to become // ‘ r X
* We need to do a double right-left rotation h-1 B 1
- First right-rotation on = - T, h-14| T T, o | T T,
. Deleted ;g( h-2
- Then left-rotationon r node h-1
T2 or T3
* The left-child w of  becomes the new root h-2 .
Height reduced

- w becomes -
- r becomes - or/

- x becomes - or\




Delete example

Delete example

Deleting a, causes single left-rotate at d

Delete example

Deleting m, causes double left-right rotation at d and h

Complexity of operations on AVL trees

* SearchonBSTis O(h)
- SoO(logn) for AVL, since h < 2logn

* Insert/delete on BST is O(h)
- We add at most on rotation at each step, each rotation is O(1)

- Soalso O(log n)

* Interesting fact
- During insert at most one rotation will be performed!

- Because both rotations we saw decrease the height of the sub-tree




Implementation details

* We need to keep the height of each subtree
- to compute the balance factors

- If we need to save memory we can store only the balance factors

 Restoring after both insert and delete are similar

- We can treat them together

Readings

« T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 9. Section 9.8.

* R.Kruse, C.L. Tondo and B.Leung. Data Structures and Program Design in
C. Chapter 9. Section 9.4.

* M.T. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++. 2nd edition. Section 10.2




Multi-Way Search Trees

KO8 Aopéc Aedopévwy Kat TexViKES Mpoypapuatiopou

Kwotag Xat{nkokoAdkng

Motivation

* We keep the ordering idea of BSTs

- Fast search, by excluding whole subtrees

* And add more than two children for each node
- Gives more flexibility in restructuring the tree

- And news ways to keep it balanced

Multi-way search trees

d-node: a node with d children
Each internal d-node storesd — 1 ordered values k1 < ... < kg_1
- No duplicate values in the whole tree

Allvaluesin a subtree lie in-between the corresponding node values

- Forallvalueslinthes-thsubtree:k;_1 <l < k;

- Convention: kg = —o0, kg = +00
m-way search tree: all nodes have at most m children

- ABSTis a 2-way search tree

Example multi-way search tree




Searching in a multi-way search tree

 Simple adaptation of the algorithm for BSTs
« Start from the root, traverse towards the leaves

* In each node, there is a single subtree that can possibly contain a value
- ThesubtreeZsuchthatk;_; <1 < k;

- Continue in that subtree

Example multi-way search tree

Search for value 12

Unsuccessful search

Search for value 24




Insertion in a multi-way search tree

 Again, simple adaptation of BSTs
- But: we don’t always need to create a new node
- We caninsertin an existing one if there is space

* Start with a search for the value [ we want to insert
« If found, stop (no duplicates)

* If not found, insert at the leaF we reached
- If full, create an -th child, such that k; 1 <1 < k;

Insert value 28

g
Value 28 inserted Insert value 32
(22)
G_10) e
GCOGEoWeE»n @»
1 (1)




Value 32 inserted

Insert value 12

Unsuccessful Search

Value 12 inserted

Deletion from a multi-way search tree

Left as an exercise.




Complexity of operations

» We need to traverse the tree from the root to a leaf

+ The time spent at each node is constant
- Eg.findisuchthatk; 1 <l < k;

- Assuming m is Fixed!

* So as usual all complexities are O (h)

- O(n) in the worst-case

Balanced multi-way search trees
* Similarly to BSTs we need to keep the tree balanced
- Sothat h = O(logn)
« AVL where a kind of balanced BSTs

* We will study two kinds of balanced multi-way search trees:
- 2-3 trees

- 2-3-4 trees (also known as 2-4 trees)

2-3 trees Example of 2-3 tree
* A2-3 treeisa 3-way search tree which has the following properties @
* Size property
- Each node contains 1 or 2 values 0 m
- Internal nodes with 7 values have exactly n + 1 children
* Depth property
- All leaves have the same depth (lie on the same level) o Q
[ 20]




Height of 2-3 trees

» All nodes at all levels except the last one are internal
- And each internal node has at least 2 children

- Soat level i we have at least 2¢ nodes
* Hencen > 2", in other words h = O(log n)

* So we can search for an element in time O(log n)

- Using the standard algorithm for m-way trees

Search fFor L

Insertion in 2-3-trees Example: insert B
* We can start by following the generic algorithm for m-way trees @
* Search for the value [ we want to insert
* If found, stop (no duplicates) 0 m
* If not found, insert at the leaf we reached
B




Example: insert B

Example: result

Insertion in 2-3-trees

But what if there is no space at the leaf (overflow)?

The standard algorithm will insert a child at the leaf

- But this violates the depth property!
- The new leaf is not at the same level

Different strategy

- split the overflowed node into two nodes
- pass the middle value to the parent (separator of the two nodes)

The middle value might overflow the parent

- Same procedure: split and send the middle value up

Example: insert M




Example: insert M

M overflows this node.

Example: insert M

G
(721D I
f
G CoOC OO D

The node is split in
two and Lis passed
to the parent node

Example: insert M

Example: insert M




Example: result Example: insert Q

Lis inserted in the root node @

CODEOO O &

=0
=

-
m O
B3

Example: insert Q Example: result




Example: insert R

Risinserted in the node with Q where there is space.

Insertion in 2-3-trees

* The root might also overflow

¢ Same procedure
- Splitit
- The middle value moves up, creating a new root
* Thisis the only operation that increases the tree’s height

- Itincreases the depth of all nodes simultaneously
- 2-3-trees grow at the root, not at the leaves!

Example: insert S Example: insert S
an € L3
D@ @ TD O R
COGEOOOME @ IEDIO0000O.
Sovertlows ond Rivsent o
S overflows this node
B8




Example: insert S

Example: insert S

Example: insert S

Example: result




Complexity of insertion

* We traverse the tree

- From the root to a leaf when searching

- From the leaf back to the root while splitting
 Each split takes constant time

- We do at most h + 1 of them

* Sointotal O(h) = O(log n) steps

- Recall, the tree is balanced

2-4 trees

* A2-4 tree (or 2-3-4 tree) is a 4-way search tree with 2 extra properties

* Size property
- Each node contains between 1 and 3 values

- Internal nodes with n values have exactly n + 1 children

* Depth property

- All leaves have the same depth (lie on the same level)
* Such trees are balanced

- h=0(logn)

- Proof: exercise

Insertion in 2-4 trees

e Same as for 2-3-trees
- Search for the value
- Insert at a leaf

* In case of an overflow (5-node)
- Splititinto a 3-node and a 2-node

- Move the separator value ks to the parent

Overflow at a 5-node




The separating value is sent to the parent node

Node replaced with a 3-node and a 2-node

Example: insert 4

D

Example: insert 6




Example: insert 12

Example: insert 15 - overflow

Creation of new root node Split
- D
“x,\ 12
(46> @B




Example: insert 3

Example: insert 5 - overflow

D a2
G4 T G456 O
5 is sent to the parent node Split
G 12




Example: insert 10

Example: insert 8

G 1) <D,
D @ ® <> ®
Example Example: insert 17 - overflow
G 1012 (51012
GD G a> @i GO G gp TuEd
Inserted 11, 13 and 14.
@




Split and send 15 to the parent node

The root overflows

oL

Creation of new root

@

o

Split




Final tree

Complexity

« Same as for 2-3-trees
- At most h splits

- Each splitis constant time

* O(logn)

- Because the treeis balanced

B
Removal in 2-4 trees Fixing underflows
* Toremove avalue k; from an internal node Two strategies for fixing an underlow at v
- Replace with its predecessor (or its successor) * Isthere an immediate sibling w with a “spare” value? (2 or 3 values)
- Right-most value in the ¢-th subtree + IF 50, we do a transFer operation
- Similar to the BST case of nodes with two children
- Move avalue of w toits parent u
* Toremove avalue from a leaf - Move avalue of the parent u to v
- We simply remove it . _
o ) . * If not, we do a Fusion operation
- Butit might viotalate the size property (underflow)
- Merge v and w, creating a new node v/
- Move a value from the parent u to v/
- This might underflow the parent, continue the same procedure there




Initial tree

Remove 4

Transfer

AFfter the transfer




Remove 12

Remove 12

Fusion of and

After the Fusion




Remove 13

After the removal of 13

Remove 14 - underflow

Fusion




Underflow at Fusion
(D
>
(5> (1w Q5 17D
B 56
Remove the root Final tree
@
(6 1)
(5> (1w Q5 17D




Readings

 T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Section 9.9

« M. T. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++. Section 10.4

* R.Sedgewick. AAydpiBuot o€ C. 3n Auepikavikn Ekdoon. EkbdoelC
KAeldaplbpoc. Section 13.3




B-Trees

KO8 Aopéc Aedopévwy Kat TexViKES Mpoypapuatiopou
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Searching on disks

 So far we have assumed that our data are stored in memory
* What about storing data on a disk?

- Example: databases
» Disk access can be at least 100,000 to 1,000,000 slower

- Goal: minimize disk accesses

* Also: datais read in blocks

- Eg 512 0or1024 bytes
- Reading 1 byteis the same as reading a whole block

B-Trees B-Trees
We can easily generalize 2-3 / 2-4-trees: * We select m so that the whole B-tree node fits in a block
* AB-tree of order m is an m-way search tree with 2 extra properties - We read “multiple nodes” for the “price” of one
Si - Fewer disk accesses than reading multiple nodes of a BST/AVL/ ...
* Size property
- Any node contains between [ §] — 1 and m — 1 values * Such trees are balanced
- Internal nodes with n values have exactly n + 1 children - h = 0(10g n)
- The root is excluded from this rule - Proof: exercise
* Depth property + 2-3and 2-4-trees are B-trees of order 3 and 4
- Allleaves have the same depth (lie on the same level) * Generalize even more: require between a and b children
- forsome?2 < a < (b;—l)
B




ADT Set using BTree, types

// KouBog tou set, mepiéxelr pia povo tiun. KdbBe btree_node €xer moAAd
struct set_node {

Pointer value; // H Tiun tou KouBou.

BTreeNode owner; // 0 btree_node otov omoio avrikel autd TO

}i

// To struct btree_node givalr o KOuBoG €vOG B-AEVTpou.
struct btree_node {

int count; // Ap1BuUoG oTolXEiwv
BTreeNode parent; // Matépag

BTreeNode children[MAX_CHILDREN + 17; // Maitdid

SetNode set_nodes[MAX_VALUES + 1]; // Agdouéva (péoa oe set

}i

// YAomoioUue tov ADT Set péow B-Tree, omote TO Struct set eivai éva
struct set {

BTreeNode root; // H pila tou d&vtpou
int size; // MéyegBog, yia amodoTliKO set_size
CompareFunc compare; // Airdtaén

DestroyFunc destroy_value; // Xuvdptnon mou KATAOTPEPEL EVA OTOL

}i

Insertion in a B-tree

e Same as for 2-3 and 2-3-4-trees
- Search for the value
- Insert at a leaf

* In case of an overflow (m + 1 children)
- Split it into two nodes of m /2 children each

- Move the separator value (median) to the parent

5] B
Insert example, m = 5 Insert example, m = 5
o]
Inserting 1




Insert example, m = 5

Inserting 2

Insert example, m = 5

| 0 1 2 3

Inserting 3

Insert example, m = 5 Insert example, m = 5
0 1 ‘ 3 4 ‘ 0 : | N 4
Inserting 4: overflow, 2 moves to a new root Inserting 5




Insert example, m = 5

Inserting 6

Insert example, m = 5

Inserting 7: overflow, 5 moves up

Insert example, m = 5 Insert example, m = 5
‘ 0 1 ‘ 3 4 ‘ 6 7 8 | | 0 1 | 3 4 | 6 7 8
Inserting 8 Inserting 9




Insert example, m = 5

Inserting 10: overflow, 8 moves up

Insert example, m = 5

Inserting 11

Insert example, m = 5 Insert example, m = 5
/ _— T~
| 0 1 | 3 4 | 6 7 H 9 10 1 12 ‘ 0 1 | 3 4 ‘ 6 7 | 9 10 ‘ 12 13|
Inserting 12 Inserting 13: overflow, 11 moves up




Insert example, m = 5

Insert example, m = 5

Inserting 14 Inserting 15
Insert example, m = 5 Code

 Asalways, the codeisin lecture-code

- modules/UsingBTree/ADTSet.c
« We only highlight some parts here
] 15 16
Inserting 16: overflow, 14 moves up, creating a new overflow
a8




Code, node_insert

BTreeNode node_insert(BTreeNode root, CompareFunc compare, Pointer va
// [amAOG KWOLKAG yia TNV MEPLMTWAN KEVOU SEVTPOU]

// EUpegan Tou KOpPBou OTOV omoilo TMPEMEL va yilvel insert
int index;
BTreeNode node = node_find(root, compare, value, &index);
if (index != -1) { // Ymdpxel ndn n tiun
node->set_nodes[index]->value = value;
return root;

3

// EUpean tng 0B€0ng mou mpEmel va umel to value

for (index = 0;
index < node->count && compare(value, node->set_nodes[index]
index++)

node_add_value(node, set_node_create(value), index);

if (node->count > MAX_VALUES) // overflow
split(node, compare);

// Emiotpépouvpe tn pila, umopel va €xel dnuiouvpynbei véa
return root->parent != NULL ? root->parent : root;

Code, split

// KaAgitalr otav o KOuPBog node €xel UMEPXELANOEL, TOV Xwpilel Ot 2 KGO
// ZTEAvEL TN peoatla amd TG TLUEG TOU KOuPou node OTOV MATEPA TOU.

static void split(BTreeNode node, CompareFunc compare) {
// Xwpiloupe tov KOuPBo node oge 2 KOuPoug
BTreeNode right = node_create();
right->parent = node->parent; // 01 2 KOuBor €xouvv tov 1d10 n
// Metakivnoe T1G M1OEC TLUEG KAl mMaldid amd TOV aplOTEPO KOUBO o
int half = node->count/2;
if (!is_leaf(node))
for (int i = 0; i <= half; i++)
node_add_child(right, node->children[i + half + 1], 1i);

for (int i = 0; i < half; i++) {
node_add_value(right, node->set_nodes[i + half + 1], 1i);
node->count--;

3

// Apaipeon peoaiag TiUng
SetNode median = node->set_nodes[node->count-1];
node->count--;

Code, split

// lpooBEpoupe TO median OTOV MATEPA TOU KOUBOU node.
BTreeNode parent = node->parent;
if (parent == NULL) {

BTreeNode new_root = node_create();

// 0 node eivair n pid
// Anuiovpynoe Kaivou

node_add_value(new_root, median, 0);

right->parent = node->parent = new_root;
new_root->children[0] = node;
new_root->children[1] = right;

} else {
int index; // Bpeg tn 6€0n eiroaywyn¢ tnG TLUNG OTOV MATEPQA.
for (index = 0; index < parent->count; index++)
if (compare(median->value, parent->set_nodes[index]->valu
break;

// MpoaBeoe tov right w¢ 0eé16 maidi tnGg (vE€ag) OLaxwPlOTLKIG
node_add_child(parent, right, index+1);
node_add_value(parent, median, index);

if (parent->count > MAX_VALUES) // parent overflows
split(parent, compare);

Removal from B-trees

e Same as for 2-3 and 2-3-4-trees

* Toremove avalue k; from an internal node
- Replace with its predecessor (or its successor)
- Right-most value in the z-th subtree

* Toremove a value from a leaf

- We simply remove it

- Butit might viotalate the size property (underflow)




Fixing underflows

Two strategies for fixing an underlow at v
* Isthere an immediate sibling w with a “spare” value?

* If so, we do a transfer operation
- Move avalue of w toits parent u
- Move avalue of the parent u to v
* If not, we do a Fusion operation

- Merge v and w, creating a new node v/
- Move a value from the parent u to v/

- This might underflow the parent, continue the same procedure there

Example

Delete h Deleter




Find the Successor of r

Promote the Successor of r — Delete the
Successor from its Place

Delete p

Transfer




After the Transfer

Delete d

Fusion

After the Fusion - Underflow at f




Fusion

After the Fusion — Delete Root

Final Tree

Code, node_remove

BTreeNode node_remove(BTreeNode root, CompareFunc compare, Pointer va

// BpPEC TOV KOUPBO TOU TEPLEXEL TNV TluA.
int index;
BTreeNode node = node_find(root, compare, value, &index);

if (index == -1) // H Tiuni dev UumdpxEl OTO OEVTPO.
return root;

// Bp&Bnke 1oodvvaun tiun otov node, OMOTE TOV d1aYypPAPOUUE
// To mw¢ Ba yivel autd €éaptdtal amd TO av ExEl maldid.

if (is_leaf(node)) {
// ®UAAo: didypaye tnv Tlun, avadidtaée ta dedouéva, repair
// 0AtoBnoe oAa ta dedouéva 1 O£an apiloTepd.
for (int i = index; i < node->count-1; i++)
node->set_nodes[i] = node->set_nodes[i + 1];

node->count--; // Apaipeoe TO O£S0UEVO.

repair_underflow(node); // Avadiauoppwose 1O OEVIPO.




Code, node_remove

} else {
// Av glval €0WTEPLKOG KOUPBOG avTlKATAOTOON HE TNV next TiUE
// Kai remove NG TLUAC QUTAG
SetNode max = node_find_max(node->children[index]);

BTreeNode max_node = max->owner;
max_node->count--; // Apaipege 1O OEOOUEVO.

node->set_nodes[index] = max;
max->owner = node;

repair_underflow(max_node); // Avadiauoppwoe To OEVTPO.

3

// Av n pila aderdoer, pila yivetar 1o (HOVadlkO, av €xel) maidil
if (root->count == 0) {
BTreeNode first_child = root->children[0];
if (first_child != NULL)
first_child->parent = NULL;
root = first_child;
}

return root;

B+-trees

Avariant of B-trees, important in today's File systems and databases.

Readings

« M.T. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++. 2nd edition. John Wiley.

« Sartaj Sahni. Aopéc Asdopévwy, ANyépiBpol kat Epappoyéc otn C++.
Exkdodoelc TQdAQ.

« R.Sedgewick. AAyopiOpot o C. Ke@. 16.3




Hashing (Katakeppatiopog)
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Efficient implementation of ADT Map

* We need fast equality search

- Balanced trees
- AVL/B-trees /Red-black/ ...
- Store (key, value) ineach node

» Orany efficient implementation of ADT Set
- Store (key, value) as elementsin the set

* The above provide search in O(log n)

- But also ordered traversal, which is not needed!

« Canwe do better?
- Yes, using hashing!

Hashing Example
* We need tostore a (key, value) pair * Keys:integers,eg 1, 3, 18
* |dea: use the key as an index in an array * Store datainanarrayofsize M =7
* Thisis easy if key is a small integer - called a hash table
- Insert: simply store value in array[key] * Use asimple hash function
- Find:read array[key] h(k) =k mod 7
* Problem: does not work when key is large (or not an integer) + A pair (KEyJIVALUEY is stored at index h(KeY)
- Solution: apply a hash Function that transforms keys to indexes
B




Table T after Inserting keys 2, 10, 14, 19

Table T

0 14
’

2 2
3 10
4

5 19
6

* Keys are stored in their hash addresses

+ The cells of the table are often called buckets (kadot)

Insert 24

Table T

0 14
’

2 2
3 10
4

5 19
6

* Collision, h(24) = 3 is already taken

* Resolution policy

- look at lower locations of the table to find a place for the key

Insert 24
Table T
0 14
1 24 < 3rd probe
2 2 <+ 2ndprobe
3 10 < 1stprobe
4
5 19
6

h(24) =3

Insert 23

h(23) = 2

Table T

0 14 < 3rd probe
1 24 < 2nd probe
2 2 <+ 1stprobe
3 10

4

5 19

6 23 <+ 4thprobe




Open Addressing

* Open addressing

- The method of inserting colliding keys into empty locations

* Probe
- Theinspection of each location

- The locations we examined are called a probe sequence

* Linear probing

- Examine consecutive addresses

Double Hashing

* Double hashing uses non-linear probing by computing different probe
decrements for different keys using a second hash function p(k).

* Letus define the following probe decrement function:

k
p(k) = max(1, )

g

Insert 24 Insert 23

Table T Table T

0 14 <+ 2ndprobe 0 14

1 1

2 2 2 2 < 1stprobe

3 10 < 1stprobe 3 10

4 24 < 3rdprobe 4 24

5 19 5 19

6 6 23 <+ 2th probe
h(24) =3 h(23) =2
We use a probe decrement of p(24) = 3 We use a probe decrement of p(23) = 3




Collision Resolution by Separate Chaining Example
* The method of collision resolution by separate chaining (xwptoti Table T
alucidwon) uses a linked list to store keys at each table entry. 0 14
 This method should not be chosen if space is at a premium, for example, if 1
we are implementing a hash table for a mobile device. 5 9 493
3 10 — 24
4
5 19
6
Good Hash Functions Collisions
* Suppose T'is a hash table having entries whose addresses lie in the range 0 * A collision between two keys k and k' happens if, when we try to store
toM — 1. both keys in a hash table T" both keys have the same hash address h(k) =
h(k’).
* Anideal hashing Function h (k) maps keys onto table addresses in a (+)
uniform and random fashion. « Collisions are relatively frequent even in sparsely occupied hash tables.
« In other words, for any arbitrarily chosen key, any of the possible table * A good hash function should minimize collisions.
addresses is equally likely to be chosen.
* The von Mises paradox: if there are more than 23 people in a room, there
* Also, the computation of a hash function should be very Fast. is a greater than 50% chance that two of them will have the same birthday
(M = 365).




Primary clustering

* Linear probing suffers from what we call primary clustering
(npwtapxiki cuctadonoinon).

* Acluster (cuotada) is a sequence of adjacent occupied entries in a hash
table.

* In open addressing with linear probing such clusters are formed and then
grow bigger and bigger. This happens because all keys colliding in the
same initial location trace out identical search paths when looking for an
empty table entry.

« Double hashing does not suffer from primary clustering because initially
colliding keys search for empty locations along separate probe sequence
paths.

Ensuring that Probe Sequences Cover the
Table

* In order for the open addressing hash insertion and hash searching
algorithms to work properly, we have to guarantee that every probe
sequence used can probe all locations of the hash table.

 Thisis obvious for linear probing.

* Isit true for double hashing?

Choosing Table Sizes and Probe Good Double Hashing Choices
Decrements
* Choose the table size M to be a prime number, and choose probe
* If we choose the table size to be a prime number (npwtog apt®uo6g) M decrements, any integer in the range 1 to M — 1.
and probe decrements to be positive integersin the range 1 < p(k) < * Choose the table size M to be a power of 2 and choose as probe
M then we can ensure that the probe sequences cover all table addresses decrements any odd integer in the range 1 to M — 1.
intherange 0 to M — 1 exactly once.
* In other words, it is good to choose probe decrements to be relatively
prime with M
19] B




Deletion

« The function for deletion from a hash table is left as an exercise.
* But notice that deletion poses some problems.

* If we delete an entry and leave a table entry with an empty key in its place
then we destroy the validity of subsequent search operations because a
search terminates when an empty key is encountered.

+ Asasolution, we can leave the deleted entry in its place and mark it as
deleted (or substitute it by a special entry “available”). Then search
algorithms can treat these entries as not deleted while insert algorithms
can treat them as deleted and insert other entries in their place.

« However, in this case, if we have many deletions, the hash table can easily
become clogged with entries marked as deleted.

Load Factor

The load factor (cuvteleoti¢ nARpwaong) o of a hash table of size M with
N occupied entries is defined by
N

a:M

» The load factoris an important parameter in characterizing the
performance of hashing techniques.

Performance Formulas Efficiency of Linear Probing
* Hash table of size M with exactly IV occupied entries * For open addressing with linear probing, we have the following
_ N performance formulas:
- load factora = ;
1 1

+ C\ : average number of probes during a successFful search Cy = 5(1 + 1_ a)
« (O : average number of probes during an unsuccessFful search 1 1

orinert Ox = 3+ (;=5))

- orinsertion 2 1—«

* The formulas are known to apply when the table T"is up to 70% full (i.e.,
whena < 0.7).
23]




Efficiency of Double Hashing

» For open addressing with double hashing, we have the following
performance formulas:

Efficiency of Separate Chaining

For separate chaining, we have the following performance formulas:

Important

Important consequence of these formulas:

* The performance depends only on the load Factor «

* Not on the number of keys or the size of the table

Theoretical Results: Apply the Formulas

* Let us now compare the performance of the techniques we have seen for
different load factors using the formulas we presented.

« Experimental results are similar.




Successful Search

Load Factors

0.10 0.25 0.50 0.75 0.90 0.99
Separate chaining 1.05 1.12 1.25 1.37 1.45 1.49
Open/linear probing  1.06 1.17 150 2.50 5.50 50.5
Open/double hashing 1.05 1.15 1.39 1.85 2.56 4.65

Unsuccessful Search

Load Factors

0.10 0.25 0.50 0.75 0.90 0.99
Separate chaining 0.10 0.25 0.50 0.75 0.90 0.99
Open/linear probing  1.12 1.39 2.50 8.50 50.5 5000
Open/double hashing 1.11 1.33 2.50 4.00 10.0 100.0

Complexity of Hashing

* Use a hash table that is never more than halF-full (o < 0.50)

« If the table becomes more than half-full, we can expand the table by
choosing a new table twice as big and by rehashing the entries in the new
table.

« Suppose also that we use one of the hashing methods we presented.

« Then the previous tables show that successful search can never take more
than 1.50 key comparisons and unsuccessful search can never take more
than 2.50 key comparisons.

 So the behaviour of hash tables is independent of the size of the table or
the number of keys, hence the complexity of searching is O(1)

Complexity of Hashing

* Insertion takes the same number of comparisons as an unsuccessful
search, so it has complexity O(1) as well.

* Retrieving and updating also take O(1) time.

* For ordered traversal we must sort the keys (O(n log n)), so hash tables
are not good candidates for ADT Set




Important observations

1.1t can happen that all entries hash to the same index

* So the worst-case complexity of search/insertis O(n)
* But the average-case remains O(1)

- Under the assumption of a good hash function
2. Rehashing takes O(n) time

* So the real-time complexity of insert is O(n)
« Butit happens rarely
- So the amortized-time complexity is O(1)

- Similarly to a dynamic array

Complexity, summary

Search Worst-case Average-case
Real-time O(n) O(1)
Amortized-time O(n) 0(1)
Insert Worst-case Average-case
Real-time O(n) O(n)
Amortized-time O(n) O(1)

Load Factors and Rehashing

* Experiments and average case analysis suggest that we should maintain
- « < 0.5 for open addressing schemes
- a < 0.9 for separate chaining

« With open addressing, as the load factor grows beyond 0.5 and starts
approaching 1, clusters of items in the table start to grow as well.

+ At the limit, when a is close to 1, all table operations have linear
expected running times since, in this case, we expect to encounter a
linear number of occupied cells before finding one of the few remaining
empty cells.

Load Factors and Rehashing

« If the load factor of a hash table goes significantly above a specified
threshold, then it is common to require the table to be resized to regain
the specified load factor. This process is called rehashing
(avakatakeppatiop6c) or dynamic hashing (Suvapikég
KATAKEPPUATIOPOC).

« When rehashing to a new table, a good requirement is having the new
array's size be at least double the previous size.




Summary: Open Addressing or Separate Chaining?

« Open addressing schemes save space but they are not faster.

« Asyou can see in the above theoretical results (and corresponding
experimental results), the separate chaining method is either competitive
or faster than the other methods depending on the load factor of the
table.

* So, if memory is not a major issue, the collision handling method of
choice is separate chaining.

Comparing ADT Map implementations

Search Insert Delete Ordered traversal
SortedArray  O(logn) O(n) O(n) O(n)
AVL O(logn) O(logn) O(logn) O(n)

Hashing O(1) O(1) O(1) O(nlogn)

Choosing a Good Hash Function

* Ideally, a hash function will map keys uniformly and randomly onto the
entire range of the hash table locations with each location being equally
likely to be the target of the function for a randomly chosen key.

Example of a Bad Choice

* Keys
- Strings of 3 ASCII characters
- 24-bitinteger containing the 3 8-bit bytes

+ Use open addressing with double hashing.

* Select a table size M = 28 = 256

* Define our hashing function as h(k) = k mod 256




Example

* This hash function is a poor one because it selects the low-order
character of the three-character key as the value of h(k)

* If the keyis 321, when considered as a 24-bit integer, it has the numerical
value 3 x 2562 + 2 x 256 + 1 x 2569

* Thus when we do the modulo 256 operation, we get the value 1

Example

 “Similar” keys create collisions
h(AAA) = h(ABA) = h(ACA) = h(BAA) = ...

 Thus this hash function will create and preserve clusters instead of
spreading them as a good hash function will do.

 Hash functions should take into account all the bits of a key, not just
some of them.

Hash Functions Hash Codes
Hash function h(k) as consisting of two actions: * The first action that a hash function performs is to take an arbitrary key
and map itinto an integer value.
* Hash code
- Map the key kto an integer * Thisinteger need not be in the range 0 to M — 1 and may even be
negative, but we want the set of hash codes to avoid collisions.
+ Compression function o .
o u * If the hash codes of our keys cause collisions, then there is no hope for the
- Map the hash code to the range of indicesOto M — 1 compression function to avoid them.




Hash Codes in C

« The hash codes described below are based on the assumption that the
number of bits of each data type is known.

Converting to an Integer

« Forany data type thatis D represented using at most as many bits as our
integer hash codes, we can simply take an integer interpretation of the
bits as a hash code for elements of D.

* Thus, for the C basic types char, short int andint, we can achieve a
good hash code simply by casting this type to int.

Converting to an Integer

< On many machines, the type long int has a bit representation thatis
twice as long as type int.

« One possible hash code for a long element is to simply cast it down to an
int.

* But notice that this hash code ignores halFf of the information present in
the original value. So if many of the keys differ only in these bits, they will
collide using this simple hash code.

* Abetter hash code, which takes all the original bits into consideration,
sums an integer representation of the high-order bits with an integer
representation of the low-order bits.

Converting to an Integer

* In general, if we have an object = whose binary representation can be
viewed as a k-tuple of integers (zg, Z1, - . . , £_1), we can form a hash
k—1
codeforas ) o @;

+ Example: Given any floating-point number, we can sum its mantissa and
exponent as long integers and then apply a hash code for long integers to
the result.




Summation Hash Codes

* The summation hash code, described above, is not a good choice for
character strings or other variable-length objects that can be viewed as
tuples of the form (zg, 1, . . ., £x—1) where the order of the z;'s is
significant.

« Example: Consider a hash code for a string s that sums the ASClI values of
the charactersin s. This hash code produces lots of unwanted collisions for
common groups of strings e.g., temp01 and temp10.

* Abetter hash code should take the order of the x;'s into account.

Polynomial Hash Codes

* Letbe aninteger constant such thata # 1

« We can use the polynomial
moakfl + :clak*2 + o+ T 00+ T

as a hash code for (zg, 1, .. ., k1)

This is called a polynomial hash code.

* To evaluate the polynomial we should use the efficient Horner’s method:

Tp-1 + a(xp—2 + a(zg—3 + - - + a(z1 + az,)) ...))

Polynomial Hash Codes

« Experiments show thatin a list of over 50,000 English words, if we choose
a =33, 37, 39, 41 we produce less than seven collisions in each case.

 Forthe sake of speed, we can apply the hash code to only a fraction of the
charactersin a long string.

Polynomial Hash Codes

// dbj2 hash function

uint hash_string(Pointer value) {
uint hash = 5381;

for (char* s = value; *s != '\Q@'; s++)
hash = (hash * 33)+ *s;

return hash;

3




Polynomial Hash Codes

* In theory, we first compute a polynomial hash code and then apply the
compression function modulo M

* The previous hash function takes the modulo M at each step.

« The two approaches are the same because the following equality holds for
alla, b, z, M that are nonnegative integers:

(((ax) mod M)+b) mod M = (ax +b) mod M

« The approach of the previous function is preferable because, otherwise,
we get errors with long strings when the polynomial computation
produces overflows (try it!).

Hashing Floating Point Quantities

« We can achieve a better hashing function for floating point numbers than
casting them down to int as follows.

* Assuming that a char is stored as an 8-bit byte, we could interpret a 32-
bit Float as a four-element character array and use the hashing
functions we discussed for strings.

Some Applications of Hash Tables

« Databases
« Symbol tables in compilers
« Browser caches

 Peer-to-peer systems and torrents (distributed hash tables)

Readings
 T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 11

¢ M. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++. 2nd edition. Chapter 9

 R.Sedgewick. AAydpiBuot o€ C. 3n Apepikavikn Ekdoon. EkSOoEeIC
KAeldapiBuoc. KepdAalo 14







Graphs (Fpagol)

KO8 Aopéc Aedopévwy Kat TexViKES Mpoypapuatiopou

Kwotag Xat{nkokoAdkng

Graphs

» Graphs are collections of nodes in which various pairs are connected by
line segments. The nodes are usually called vertices (kopu@é£cg) and the
line segments edges (akpéc).

* Graphs are more general than trees. Graphs are allowed to have cycles
and can have more than one connected component.

« Some authors use the terms nodes (k6uBot) and arcs (té€a) instead of
vertices and edges.

Example of Graphs (Directed)

Example of Graphs (Undirected)




Examples of Graphs

 Transportation networks

* Interesting problem: What is the path with one or more stops of shortest
overall distance connecting a starting city and a destination city?

Examples

« A network of oil pipelines

* Interesting problem: What is the maximum possible overall flow of oil
from the source to the destination?

Examples

e The Internet

* Interesting problem: Deliver an e-mail from user A to user B

Examples

e The Web

* Interesting problem: What is the PageRank of a Web site?




Examples

e The Facebook social network

* Interesting problem: Are John and Mary connected? What interesting
clusters exist?

Formal Definitions

* Agraph G = (V, E) consists of a set of vertices V and a set of edges £
, Where the edges in F are formed from pairs of distinct verticesin V.

* If the edges have directions then we have a directed graph
(kateuBuvopevo ypa@o) or digraph. In this case edges are ordered pairs
of vertices e.g., (u, v) and are called directed. If (u, v) is a directed edge
then w is called its origin and v is called its destination.

* If the edges do not have directions then we have an undirected graph
(Hn-KateuBuvopevog ypa@o). In this case edges are unordered pairs of
vertices e.g., {u, v} and are called undirected.

 Forsimplicity, we will use the directed pair notation noting that in the
undirected case (u, v) is the same as (v, u) .

« When we say simply graph, we will mean an undirected graph.

Example of a Directed Graph

© © )
o
© (4) O
(8)
©

©O—@
G = (V,E)
V=123,45,6,7,8,9,10,11
E = (1,2),(1,3),(2,5),(3,4), (5,4), (5,6), (6,70, (8,9), (8, 10), (10, 11

Example of an Undirected Graph

© ©, )
O
(3 (@ 9
(®
©

©O—@
G=(V,E)
V=123,45,6,7,8,9,10,11
E = (172)’(1’3)’(2’5)’ (3’4)’(5’4)’(5’6)’ (6,70,(8,9),(8,10),(10,11:




More Definitions

* Two different vertices v;, vjin a graph G = (V, E) are said to be
adjacent (yettovikéq) if there exists an edge (v;, vj) € E.

* An edge is said to be incident (npoonintouca) on a vertex if the vertex is
one of the edge’s endpoints.

* Apath (povondtt) pinagraph G = (V, E), is a sequence of vertices of
V of theformp = vivs . .. vy, (m > 2) in which each vertex v;, is
adjacent to the nextone v;1 (forl < ¢ < n —1).

* The length of a path is the number of edges in it.
* Apathis simple if each vertex in the path is distinct.

* Acycleisapathp = vivy ... v, of length greater than one that begins
and ends at the same vertex (i.e., v1 = v, ).

Definitions

» Adirected path is a path such that all edges are directed and are traversed
along their direction.

* Adirected cycle is similarly defined.

Definitions Example
+ Asimple cycleis a path that travels through three or more distinct
vertices and connects them into a loop.
Four simple cycles: (1,2,3,1) (4,5,6,7,4) (4,5,6,4) (4,6,7,4)




Two non-simple cycles: (1,2,1) (4,5,6,4,7,6,4)

A path that is not a cycle: (1,2,4,6,8)

Connectivity and Components

* Two verticesinagraph G = (V, E) are said to be connected
(ouvdedepévec) if there is a path from the first to the second in G

* Formally,ifz € V andy € V, where  # y, then z and y are
connected if there exists apathp = v1v9 ...v, € Ginsuchthatz = v,
andy = v,

Connectivity and Components

* Inthegraph G = (V, E), a connected component (ocuvektiki
ouviotwaoa) is a subset S of the vertices V that are all connected to one
another.

* Aconnected component S of G is a maximal connected component
(H€yloTn GUVEKTIKI ouviotwoa) provided there is no bigger subset T of
vertices in V such that T properly contains S and such that T'itself is a
connected component of G.

* Anundirected graph G can always be separated into maximal connected
components S, Sa, . .., S, suchthat §; N S; = & wheneveri # j.




Example of Undirected Graph and its Connectivity and Components in Directed

Separation into Two Maximal Connected Graphs

Components * Asubset S of vertices in a directed graph G is strongly connected
(loxupd cuvekTiko) if for each pair of distinct vertices (v;, vj) inS, v;is
connected to vj and v; is connected to v;.

* Asubset S of vertices in a directed graph G is weakly connected
(aoBeviwg ouvekTikd) if for each pair of distinct vertices (v;, vj)in S, v;is
connected to v; or v; is connected to v;.

Example: A Strongly Connected Digraph Example: A Weakly Connected Digraph




Degree in Undirected Graphs

* In an undirected graph G the degree (Ba®udc) of vertex x is the number
of edges e in which z is one of the endpoints of e.

* The degree of a vertex  is denoted by deg(x).

Example

The degree of node 1is 2.
The degree of node 4 is 4.
The degree of node 8is 1.

Predecessors and Successors in Directed Graphs

* If zisavertexin a directed graph G = (V, E) then the set of
predecessors (nponyoUpevwv) of = denoted by Pred(z) is the set of all
verticesy € V suchthat (y,z) € E.

* Similarly the set of successors (enépevwv) of z denoted by Succ(x) is
the set of all verticesy € V such that (z,y) € E.

In-Degree and Out-Degree in Directed Graphs

* The in-degree of a vertex x is the number of predecessors of x
* The out-degree of a vertex x is the number of successors of x

« We can also define the in-degree and the out-degree by referring to the
incoming and outgoing edges of a vertex.

* The in-degree and out-degree of a vertex z are denoted by indeg(x) and
outdeg(x) respectively.




Example

The in-degree of node 4 is 2. The out-degree of node 4 is 1.

Proposition
* If G is an undirected graph with m edges, then

Z deg(v) = 2m

* Proof?
- Each edgeis counted twice

Proposition
« Ifis adirected graph with edges, then

Z indeg(v) = Z outdeg(v) = m

veG veG

e Proof?

- Each edgeis counted once

Proposition

* Let G be a graph with n vertices and m edges. If G is undirected, then

m < n(n;l) andif G is directed, thenm < n(n — 1).

e Proof?

- If G is undirected then the maximum degree of a vertexisn — 1.
Therefore, from the previous proposition about the sum of the
degrees, we have 2m < n(n — 1).

- If G'is directed then the maximum in-degree of a vertexisn — 1.
Therefore, from the previous proposition about the sum of the in-
degrees, we havem < n(n — 1).




More definitions

* Asubgraph (unoypa@oc) of a graph G is a graph H whose vertices and
edges are subsets of the vertices and edges of G respectively.

* Aspanning subgraph (unoypa@o¢ emkdAuwng) of GG is a subgraph of G
that contains all the vertices of G.

* Aforest (6dacoc) is a graph without cycles.

* Afree tree (eAetB®epo 6€vpo) is a connected foresti.e., a connected
graph without cycles. The trees that we studied in earlier lectures are
rooted trees (86év8pa pe pida) and they are different than free trees.

* A spanning tree (6évdpo enikaAuwnc) of a graph is a spanning subgraph
thatis a free tree.

The thick green lines define a spanning tree of the graph.

Example

The thick green lines define a forest which consists of two free trees.

Graph Representations: Adjacency Matrices

* Let G = (V, E) be a graph. Suppose we number the vertices in V' as
V1,V2...0Up

* The adjacency matrix (nivakag yettviaong) corresponding to G is an
n x n matrix such that T'[4, j] = 1if thereis an edge (v;, v;) € E, and
T, j] = Oif thereis no such edge in E.




1 2 3 4
1 0 1 0 0
20 0 1 1
31 0 0 1
41 0 0 O
Agraph G The adjacency matrix for graph G

Adjacency Matrices

* The adjacency matrix of an undirected graph G is a symmetric matrix
i.e,T[i,j] = T[j,i| forallandintherangel < i,5 <n

» The adjacency matrix for a directed graph need not be symmetric.

Adjacency Matrices

* The diagonal entries in an adjacency matrix (of a directed or undirected
graph) are zero, since graphs as we have defined them are not permitted
to have looping self-referential edges that connect a vertex to itself.

1 2 3 4
10 1 1 1
21 0 1 1
31 1 0 1
41 1 1 0
An undirected graph G The adjacency matrix for graph G




Adjacency Sets

* Another way to define a graph G = (V, E)) is to specify adjacency sets
(ouvoAa yertviaonc) for each vertexin V.

* Let V, stand for the set of all vertices adjacent to z in an undirected graph
G orthe set of all vertices that are successors of x in a directed graph G.

* If we give both the vertex set v and the collection A = {V, |z € V'} of
adjacency sets for each vertex in then we have given enough information
to define the graph G.

Graph Representations: Adjacency Lists

* Another family of representations for a graph uses adjacency lists (Aicteg
yettviaong) to represent the adjacency set V,, for each vertex x in the
graph.

L] L]
Example Directed Graph Example Directed Graph
1 2 3 °
Vertex Adi Ji 2 3 4 5
Number Out Degree jacency list .
1 2 23 3 4 .
2 3 345
3 1 4 4: °
4 0
5 1 1 5 L] e
Adirected graph G Adirected graph G
The sequential adjacency lists for graph
G. Notice that vertices are listed in their The linked adjacency lists for graph G.
natural order. Notice that vertices in a list are organized
according to their natural order.
3] 4]




Example Undirected Graph

K?lrtmel;(er Degree Adjacency list
1 3 235

2 4 1345

3 3 124

4 2 2 4

5 2 12

An undirected graph G

The sequential adjacency lists for graph G

Graph Searching

* Tosearch a graph G, we need to visit all vertices of G in some systematic
order.

* Each vertex v can be a structure with a bool valued member v. Visited

which isinitially false for all vertices of G. When we visit v, we will set it
to true.

An Algorithm for Graph Searching

// Weudokwdlkag, EeMLOKEYN OAwV TwV KOUPBwV TOU ypdpou

void graph_search(G) {
Let G = (V,E) be a graph
Let C be an empty container

for (each vertex x in V) {
x.visited = false;
}

Insert v into C;

while (C is non-empty) {
Remove a vertex x from container C;
if (!x.visited) {
visit(x);
X.visited = true;
for (each vertex w adjacent to x) {
if (!w.visited))
Insert w into C;

Graph Searching

Interesting case: the container C'is a stack.

In what order vertices are visited?




Graph Searching

Eg. the container C'is a stack.

The vertices are visited in the order 1, 4, 8,7, 3, 2, 6, 5.

Depth-First Search (DFS)

* When C'is a stack, the tree in the previous example is searched in depth-
First order.

* Depth-first search (avalitnon npwta kata Badog) at a vertex always
goes down (by visiting unvisited children) before going across (by visiting
unvisited brothers and sisters).

* Depth-first search of a graph is analogous to a pre-order traversal of an
ordered tree.

Graph Searching

Anotherinterestg case: the container C'is a queue.

What is the order vertices are visited?

Graph Searching

Anotherinterestg case: the container C'is a queue.

The vertices are visited in the order 1, 2, 3, 4, 5, 6, 7 and 8.




Breadth-First Search (BFS)

* When C'is a queue, the tree in the previous example is searched in
breadth-first order.

+ Breadth-first search (avalitnon npwta Kata nAdtog) at a vertex
always goes broad before going deep.

 Breadth-first traversal of a graph is analogous to a traversal of an ordered
tree that visits the nodes of the tree in level-order.

» BFSsubdivides the vertices of a graph in levels. The starting vertex is at
level 0, then we have the vertices adjacent to the starting vertex at level 1,
then the vertices adjacent to these vertices at level 2 etc.

Example

What is the order of visiting vertices for DFS?

Example

Depth-first search visits the vertices in the order 1, 4, 8,6, 5, 7,3 and 2

Example

What is the order of visit for BFS?




Example

Breadth-first search visits the vertices in the order 1, 2, 3, 4, 5, 6, 7 and 8.

Exhaustive Search

« Either the stack version or the queue version of the algorithm
GraphSearch will visit every vertex in a graph G provided that G consists
of asingle strongly connected component.

* |If thisis not the case, then we can enumerate all the vertices of G and run
GraphSearch starting from each one of them in order to visit all the
vertices of G.

Exhaustive Search

void graph_exhaustive_search(G) {
Let G = (V,E) be a graph.
for (each vertex v in G) {
graph_search(G, v)

3

Recursive DFS

« DFS can be also written recursively

* The stack is essentially replaced by the fFunction call stack




Recursive DFS

// WeudoKWd1KaG, EMLOKEWYN OAwWV TwV KOUPBWV TOU ypdpou

void graph_dfs(G) {
for (each vertex x in V) {
X.visited = false;
}
for (each vertex x in V) {
if (!x.visited))
traverse(G, X);

}

void traverse(G, x) {
visit(x);
X.visited = true;

for (each vertex w adjacent to v) {
if ('w.visited))
traverse(G, w);

Example of Recursive DFS

What is the order vertices are visited?

Example

The vertices are visited in the order 1, 2, 5, 6, 3, 4, 7 and 8. This is different
than the order we got when using a stack!

Complexity of DFS

* DFSasimplemented above (with adjacency lists) on a graph with e edges
and n vertices has complexity O(n + e).

» To see why observe that on no vertex is traverse called more than once,
because as soon as we call traverse with parameter x , we mark z visited
and we never call traverse on a vertex that has previously been marked as
visited.

 Thus, the total time spent going down the adjacency lists is proportional to
the lengths of those lists, that is O(e)

* Theinitialization steps in graph_dfs have complexity O(n)

* Thus, the total complexity is O(n + e)




Complexity of DFS

 IF DFSisimplemented using an adjacency matrix, then its complexity will
be O(n?).

* If the graph is dense (nukvég), that is, it has close to O(n?) edges the

difference of the two implementations is minor as they would both runin
O(n?) time.

* If the graph is sparse (apatég), that is, it has close to O(n) edges, then

the adjacency matrix approach would be much slower than the adjacency
list approach.

Complexity of BFS

* BFSwith adjacency lists has the same complexity as DFSi.e., O(n + e).

Readings

T. A. Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 10

* R.Kruse and C.L. Tondo and B. Leung. Data Structures and Program Design
in C. 2nd edition. Chapter 11

A. V. Aho, J. E. Hopcroft and J. D. Ullman. Data Structures and Algorithms.
Chapters 6 and 7

M. T. Goodrich, R. Tamassia and D. Mount. Data Structures and Algorithms
in C++.2nd edition. Chapter 13







Weighted graphs

KO8 Aopéc Aedopévwy Kat TexViKES Mpoypapuatiopou

Kwotag Xat{nkokoAdkng

Weighted graphs

» Graphs with numbers, called weights, attached to each edge

- Often restricted to non-negative
 Directed or undirected

« Examples
- Distance between cities
- Cost of flight between airports

- Time to send a message between routers

a
Weighted graphs Example weighted graph
 Adjacency matrix representation
w;; if4,j are connected
Ti,j] =< oo  ifi # j are not connected
0 ifi=3j
« Similarly for adjacency lists
3]




Example weighted graph

| 1 | 2 | s | & | s | &
1 0 3 (e’ 0 109) 5
2 00 0 7 () 0 10
3 © © 0 5 1 ©
4 ) © 0 0 6 0
5 [eo) [eo) 0 (o) 0 7
6 o0 00 8 2 00 0

Adjacency matrix

Shortest paths

* The length of a path is the sum of the weights of its edges

« Very common problem
- find the shortest path from s to d

« Examples
- Shortest route between cities
- Cheapest connecting flight
- Fastest network route

Shortest path from vertex 1 to vertex 5

Shortest path problem

Two main variants:

* Single source s
- Find the shortest path from s to each node
- Dijkstra's algorithm
> Only for non-negative weights (important!)

* All-pairs
- Find the shortest path between all pairs s, d

- Floyd-Warshall algorithm
> Any weights




Dijkstra’s algorithm

Main ideas:

* Keep aset W of visited nodes
- Startwith W = {s} (ot W ={})

* Keep a matrix Alu]
- Minimum distance from s to u passing only through W
- Startwith Afu] = T'[s,u] (orA[s] = 0, Afu] = c0)

* At each step we enlarge W by adding a new vertex w ¢ W

- w is the one with minumum Afw]

Dijkstra’s algorithm

Main ideas:

* Adding w to W might affect Alu]

- For some neighbour u of w

* We might now have a shorter path to u passing through w
- Oftheforms — ... 2w — u
- IF Afu] > Alw] + Tw, u]

* In this case we update A
- Alu] = Afw] + T'|w, ul

o]
Example graph Expanding the vertex set w in stages
Start {1} {,3,456} - - 0 3 0 [ 00 5




Expanding the vertex set w in stages

'W=2 is chosen for the second stage.

S O N ) T T T E T

Start {1} 2,3456} - - 0 00

Expanding the vertex set w in stages

--
Start {1} {,3,45,6} - - )
2 {1,2} {3,4,5,6} 2 3 0 3 10 [ o) 5

Expanding the vertex set w in stages Expanding the vertex set w in stages
WS s chosen for the third suage --I
-I Sat {1} R3456) - -

Sart  {l} 23456} - - 0 % 2 12} B456) 2 3 0 3 10 © o 5
R S I I 3 {126) B45} 65 0 3 10 7 © 5




Expanding the vertex set w in stages

W=4 is chosen for the fourth stage.

--I

Start {1} 2,3,456} - - 0 0
2 1,2y 84,56} 2 3 0 3 10 ) )
3 {1,2,6} 34,5} 6 5 0 3 10 7 )

Expanding the vertex set w in stages

S O N 3 3 Y N T X EEET

Start {1} 234,56} - -

2 {1,2} 3.4,5,6} 2 3 0 3 10 00 00 5
3 {1,2,6} 3,4,5} 6 5 0 3 10 7 00 5
4 {1,2,6,4y {3,5} 4 7 0 3 10 7 13 5

Expanding the vertex set w in stages Expanding the vertex set w in stages
--. T T CEY A
e e I 2 .2 aaser 2 B e e E s
2 12} Ba56) 2 3 0 3 10 © ® 5 5 T —
B 1,2,6% 7 Ak 167 15 [0 B 207 o |2 4 1,264} B5) Az o 3 [w |7 ERE
“ 1,264} .5} S A N I SO L[5 5 1,2643} B} 310 o 3 10 7 TR E
[ 20]




Expanding the vertex set w in stages

W=5 is chosen for the sixth stage.

-_I

Start {1} {,3,456} - -

2 {1,2} 34,56} 2 3 0 3 10 © 0
3 {1,2,6} 3,4,5} 6 5 0 3 10 7 00
4 {1,2,6,4} {3,5} 4 7 0 3 10 7 13
5 {1,2,6,4,3} {5} 3 10 0 3 10 7 11

(S2 IO} BN O, ) |

Expanding the vertex set w in stages

S O Y ) Y N ) T

Start {1} {23,456} - -

2 {1,2} {3,456} 2 3 0 3 10 00 00 5
3 {1,2,6} {3,4,5} 6 5 0 3 10 7 00 5
4 {1,2,6,4} 3,5} 4 7 0 3 10 7 13 5
5 {1,2,6,4,3} {5} 3 10 0 3 10 7 11 5
6 {1,2,6,4,3,5} {} 5 11 0 3 10 7 11 5

L] L3 o L] L3 .
Dijkstra’s algorithm in pseudocode Dijkstra’s algorithm in pseudocode
// Agdougva // Kupiwg aAyopiBuog
Src ! apxXlkog KoOuBog while true
dest : TEALKOG KOUBOC w = vertex with minimum dist[w], among those with W[w] =
// MANpopopieg mMoOU KPATAUE yla KABe KOuBo v Wlw] =
W[u] : 1 av o u glval oto oOvolo W, O d1aQOPETLKA if w == dest
dist[u] : o mivakag A stop
prev[u] : o mponyoUHEVOG TOU V OTO BEATLOTO HOVOTATL // optimal cost = dist[dest]
// optimal path = dest <- prev[dest] <- ... <- src (inverse)
// Apxikomoinon: W={} (eVAAAGKT1KdG UTTOPOUUE Kal W={src})
for each vertex u in Graph for each neighbor u of w
dist[u] = INT_MAX // infinity if W[u] == 1
prev[u] = NULL continue
W[u] = 0 alt = dist[w] + weight(w,u) // KOOTOG TOU Src -> ... ->h
if alt < dist[u] // KaAUtepo amd mpiv, update
dist[src] = dist[u] = alt
previu] = w
23]




Using a priority queue

* Finding the w ¢ W with minumum A[w] is slow

- O(n) time

* But we can use a priority queue for this!
- We only keep verticesw ¢ W in the queue
- They are compared based on their Afw]
(each w has “priority” A[w])
* Careful when A[w] is modified!
- Either use a priority queue that allows updates
- Orinsert multiple copies of each w with different priorities

> the queue might contain already visited vertices: ignore them

Dijkstra’s algorithm with priority queue

// Agdougva
Src @ apxikog KOpPog
dest : TEALKOG KOUPBOG

// MAnpogopieg mMoOU KPATAUE yla KABe KouBo u

Wlu] : 1 av o v glvat oto ocOVOAO W, O 3LOQOPETLKA
dist[u] : o mivaokag A

prev[u] : o mponyoOUEVOG TOU V OTO BEATLOTO HOVOTATL
pq : Priority queue, eicdayouvpe tuples {u,dist[u]}

ouykpivovtot pe Baon to dist[u]

// Apxikomoinan: W={} (EVAAAGKT1KdG umopoUuE Kal W={src})
prev[src] = NULL

dist[src] = 0

pqueue_insert(pqg, {src,0}) // dist[src] = 0

Dijkstra’s algorithm with priority queue

// Kupiwg aAyopiBuog

while pq is not empty
w = pqueue_max(pq) // w with minimal dist[u]
pqueue_remove_max(pq)

if exists(W[w]) // TO w UTMOPEL va UMAPXEL TMOAAEG QOPEG OTNV O

continue // dev kavouue replace), kai va eivat fon vis
Wlw] = 1
if w == dest

stop // optimal cost/path same as before

for each neighbor u of w

if exists(W[u])
continue

alt = dist[w] + weight(w,u) // cost of src->...->w->u

if lexists(dist[u]) OR alt < dist[u]
dist[u] = alt
previu] = w
pqueue_insert(pq, {u,alt}) // mpoaipetikd: replace av un

stop // pqg dderace mpiv Bpovue to dest => dev UMAPXEL MOVOTATL

Notation

cs—d

- Direct step step fromstod

w
s—d
- Multiplestepss — ... —d
- Allintermediate steps belongtotheset W C V'

w
*s=—d
w
- Shortest path amongalls — d

1%
~ So s == dis the overall shortest one




Proof of correctness

* We need to prove that A[u] is the minimum distance to u

- after the algorithm finishes

* Butit's much easier to reason step by step
- we need a property that holds at every step
- thisis called an invariant (property that never changes)

Proof of correctness

Invariant of Dijkstra’s algorithm

* Alu] is the cost of the shortest path passing only through W

* And the shortest overall whenu € W

Formally:
W
1.Forallu € V' the path s = w has cost Afu]
2.Forallu € W the path s = has cost Alul

Proof: induction on the size of W, for both (1), (2) together

Proof of correctness

Base case W = {s}
w
* Trivial, the only path s — w is the direct one s — u

* For (1):its cost is exactly T'[s, u] = Alu]

- initial value of Alu]

* For(2):theonlyu € Wis sitself

Proof of correctness

Inductive case
* Assume |[W| = kand (1),(2) hold

* The algorithm
- Updates W, adding a new vertexw ¢ W
- Updates A[u] for all neighbours u of w

* Let W, A’ be the values after the update

* Show that (1),(2) still hold for W’, A’




Proof of correctness

We start showing that (2) still holds for W7, A’

* The interesting vertex is the w we just added

- Vertices u # w are trivial from the induction hypothesis

* Show: § —= w has cost ANw]
- Note: A’[w] = Afw] (we do not update A[w])
~ We already know that s % w has cost Afw] (ind. hyp)

- So we just need to prove that there is no better path outside W

Proof of correctness

* Assuming such path exists, let  be its First vertex outside W
w v
" Sothe path s = r = w has cost ¢ < A[w]
w
~ Sothe path s = 7 has cost at most ¢ < A[w] (no negative weights!)

- So Alr] < Afw]

* Impossible! We chose w to be the one with min A[w]

Proof of correctness

It remains to show (1) for W2, A/
* Take some arbitrary u
" Let cbethe costof s L U
- Show: ¢ = A’[u]
* Three cases for the optimal path s L U

* Case 1: the path does not pass through w
~ Soitisof the form s % U
- This path has cost Au] (induction hypothesis)
- Noupdate: A’[u] = Afu] = ¢

Proof of correctness

* Case 2: wis right before u
w
" Sothepathisoftheforms — w — u

* The cost of § =2 w is A[w] (induction hypothesis)
- Soc = Alw| + T'[w, u]

- So the algorithm will set A’[u] = Afw] + Tw, u]
when updating the neighbours of w

- Soc = A’[u]




Proof of correctness

* Case 3:some other x appears after w in the path
. w w
" Sothepathisoftheforms=— w — x =— u

w , w
~ Butthe path s = w — zisnoshorterthans =«

> From the induction hypothesis forxz € W

w
- So s = x — wisalso optimal, reducing to case 1!

Old W

Complexity
Without a priority queue:
* Initialization stage: loop over vectices: O(n)
* The while-loop adds one vertex every time: n iterations

* Finding the new vertex loops over vertices: O(n)

- same for updating the neighbours

* Sototal O(n?) time

Complexity

With a priority queue:
* Initialization stage: loop over vectices, so O(n)
* Count the number of updates (steps in the inner loop)

- Once for every neighbour of every node: e total

- Each update is O(log n) (at most 7 elements in the queue)

* Total O(elogn)
- Assuming a connected graph (e > n)

- And an implementation using adjacency lists

* Only good for sparse graphs!
- But O(nlog n) can be hugely better than O(n?)

The all-pairs shortest path problem

* Find the shortest path between all pairs s, d

* Floyd-Warshall algorithm

« Any weights
- Even negative
- But no negative loops (why?)




The all-pairs shortest path problem

Main idea
* At each step we compute the shortest path through a subset of vertices
- Similarly to W in Dijkstra
- Butnow the setatstep kis Wy = {1,...,k}

o \ectices are numbered in any order

W
* Step k: the cost of i == j is A [4, 5]

- Similar to A in Dijstra (but for all pairs Z, 7 of nodes)

Floyd-Warshall algorithm

* The algorithm at each step computes Ay, from Aj_1
* Initialstepk =0
- Start with Ay [z, j] = T[4, j]

- Only direct paths are allowed

Floyd-Warshall algorithm

. WL
k-th iteration: the optimal § == j either passes thorugh k or not.

Ap_1i, 7]

Agli, j] = min {

Ao lik] Ak, j]

Floyd-Warshall algorithm in pseudocode

void floyd_warshall() {

for (int i = 0; i <= size-1; i++)
for (int j = 0; j <= size-1; j++)
A[1]1[3] = weight(i, J)

for (int i = 0; i <= size-1; i++)
A[i][i] = ©;

for (int k = 0; k <= size-1; k++)
// Compute A_k from A_{k-1}
for (int i = 0; i <= size-1; i++)
for (int j = 0; <= size-1; j++)
if (A[i][k] + A[K][J] < A[i][3])
A[i][3] = A[i1[k] + A[KI[]]

I+ .

}

Ais the current A}, at every step k.




Complexity

* Three simple loops of n steps
* SoO(n?)

* Not better than n executions of Dijkstra in complexity
- But much simpler
- Often fasterin practice

- And works for negative weights

Readings

« T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 10

* A.V.Aho, J. E. Hopcroft and J. D. Ullman. Data Structures and Algorithms.
Chapters 6 and 7




Linked Data Representations
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Under construction

Linked Data Representations

* Linked data representations such as lists, stacks, queues, sets and trees
are very usefulin Computer Science and applications. E.g., in Databases,
Artificial Intelligence, Graphics, Web, Hardware etc.

» We will cover all of these data structures in this course.

« Linked data representations are useful when it is difficult to predict the
size and shape of the data structures needed.

2]
Levels of Data Abstraction Pointers
« The best way to realize linked data representations is using pointers.
+ A pointer (6&iktng) is a variable that references a unit of storage.
« Graphical notation (a is a pointer to B):
B




Pointers in C

typedef int *IntegerPointer;
IntegerPointer A, B;
/* the declaration int *A, *B has the same effect */

A
B

(IntegerPointer) malloc(sizeof(int));
(int*) malloc(sizeof(int));

The above code results in the following situation:

typedef

« Cprovides a facility called typedef for creating new data type names.

- typedefs are useful because:
- They help to organize our data type definitions nicely.
- They provide better documentation for our program.
- They make our program portable.

Pointers in C (cont'd)

« The previous statements first define a new data type name
IntegerPointer which consists of a pointer to an integer.

« Then they define two variables A and B of type IntegerPointer.

« Then they allocate two blocks of storage for two integers and place two
pointers to them in A and B.

« The void pointer returned by malloc is casted into a pointer to a block of
storage holding an integer. You can omit this casting and your program will
still work correctly.

malloc

« void *malloc(size_tsize) isa function of the standard library stdl1ib.

« malloc returns a pointer to space for an object of size size, or NULL if the
request cannot be satisfied. The space is obtained from the heap and is
uninitialized.

¢ Thisis called dynamic storage allocation (duvapiki 8éopeuon pvAapng).

- size_tistheunsignedinteger type returned by the sizeof operator.




Program Memory

The Operator *

*A
*B

5;
17;

« The unary operator * (teheoti¢ ava@opag) on the left side of the
assignment designates the storage location to which the pointer A refers.
We call this pointer dereferencing.

* The unary operator & (teAeoti¢ dieuBuveong) gives the address of some
object (in the above diagram the address of variable X).

o]
(] [ ] '
The Operator & Pointers in C (cont'd)
int X = 3; Consider again the following statements:
The unary operator & (teAcotic SleUBuvonc) gives the address of some object int *A, *B;
(in the above diagram the address of variable X). fs\ - i;;
Question: What happens if we now executeB = 207




Pointers in C (cont’'d)

int *A, *B;
*A = 5;
*B = 17;

Answer: We have a type mismatch error since 20 is an integer but B holds a
pointer to integers. The compiler gcc will give a warning : “assignment makes
pointer from an integer without a cast.”

Pointers in C (cont'd)

Suppose we start with the diagram below:

° ° ’ ° ° ’
Pointers in C (cont'd) Pointers in C (cont'd)
Question: If we execute A = B; which one of the following two diagrams A = B;
?

results: Answer: The right diagram. Now A and B are called aliases because they
name the same storage location. Note that the storage block containing 5 is
now inaccessible. (Some languages such as Lisp have a garbage collection
facility for such storage.)

15] 16|




Recycling Used Storage

We can reclaim the storage space to whichApoints by using the reclamation
Function free:

free(A);
A = B;

Dangling Pointers

 Letus now consider the following situation:

* Question:

- Suppose now we call free(B).
- Whatis the value of *A + 3 then?

[ (] '
Dangling Pointers (cont’d) NULL
« Answer: We do not know. Storage location A now contains a dangling  Thereis a special address denoted by the constant NULL which is not the
pointer and should not be used. address of any node. The situation that results after we execute A = NULL
) ) ) . is shown graphically below:
* |tis reasonable to consider this to be a programming error even though
the compiler or the runtime system will not catch it. « Now we cannot access the storage location to which A pointed to earlier.
So something like *A = 5 will give us “segmentation fault”.
* NULL is automatically considered to be a value of any pointer type that can
be defined in C. NULL is defined in the standard input/output library stdio.h
and has the value 0.




Pointers and Function Arguments

 Let us suppose that we have a sorting routine that works by exchanging
two out-of-order elements using a function Swap.

* Question: Can we call Swap(A,B) where the Swap function is defined as
follows?

void Swap(int X, int Y) {
int Temp;
Temp = X;
X =Y;
Y = Temp;

Pointers and Function Arguments (cont’'d)

« Answer: No. C passes arguments to functions by value (kat’ a§ia)
therefore Swap can’t affect the arguments A and B in the routine that
called it. Swap only swaps copies of A and B.

« The way to have the desired effect is for the calling program to pass
pointers to the values to be changed:

Swap(&A, &B);

The Correct Function Swap

void Swap(int *P, int *Q) {
intTemp;
Temp = *P;
Po=rQ;
*Q = Temp;

In Pictures




Linked Lists

» Alinear linked list (or linked list) is a sequence of nodes in which each
node, except the last, links to a successor node.

« We usually have a pointer variableLcontaining a pointer to the first node
on the list.

« The link field of the last node containsNULL.

« Example: a list representing a flight

Diagrammatic Notation for Linked Lists

Declaring Data Types for Linked Lists

The following statements declare appropriate data types for our linked list:

typedef char AirportCode[4];

typedef structNodeTag {
AirportCode Airport;
struct NodeTag *Link;
} NodeType;

typedef NodeType* NodePointer;

We can now define variables of these data types:

NodePointer L;
// or equivalently
NodeType *L;

Structures in C

+ Astructure (8opn) is a collection of one or more variables possibly of
different types, grouped together under a single name.

* The variables named in a structure are called members (péAn).

* In the previous structure definition, the nameNodeTagis called a structure
tag and can be used subsequently as a shorthand for the part of the
declaration in braces.




Example

Given the previous typedefs, what would be the output of the following
piece of code:

AirportCodeC;
NodePointerlL;

strcpy(C, "BRU");
printf("%s\n", C);

L = (NodePointer) malloc(sizeof(NodeType));
strcpy(L->Airport, C);
printf("%s\n", L->Airport);

The Function strcpy

« The function strcpy(s, ct) copiesstring ct tostrings, including \0. It
returnss.

« The function is defined in header file string.h.

Accessing Members of a Structure

* To access a member of a structure, we use the dot notation as follows:

var .member

+ To access a member of a structure pointed to by a pointer P, we can use
the notation

(*P).member

or the equivalent arrow notation

P->member

Question

Why didn't I write C = "BRU" and L->Airport = "BRU" in the previous piece
of code?




Answer Example

The assignment C = "BRU" assigns to variable C a pointer to the character Given the previous typedefs, what does the following piece of code do?
array "BRU". This would result in an error (type mismatch) because Cis of type

q NodePointer L, M;
AirportCode.

L . L = (NodePointer) malloc(sizeof(NodeType));
Similarly for the second assignment. strepy(L->Airport, "DUS");

M = (NodePointer) malloc(sizeof (NodeType));
strcpy(M->Airport, "ORD");

L->Link = M;
M->Link = NULL;
53]
Answer Inserting a New Second Node on a List
The piece of code on the previous slide constructs the Following linked list of Example: adding one more airport to our list representing a flight

two elements:




Inserting a New Second Node on a List

voidInsertNewSecondNode(void) {
NodeType*N;
N = (NodeType*)malloc(sizeof(NodeType));
strcpy(N->Airport, "BRU");
N->Link = L->Link;
L->Link = N;

Inserting a New Second Node on a List (cont'd)

Let us execute the previous function step by step:

N = (NodeType*) malloc(sizeof(NodeType));

strcpy(N->Airport, "BRU");

Inserting a New Second Node on a List (cont'd)

N->Link = L->Link;

Inserting a New Second Node on a List (cont'd)

L->Link = N;




Comments

In the function InsertNewSecondNode, variable N is local . Therefore it
vanishes after the end of the function execution. However, the dynamically
allocated node remains in existence after the function has terminated.

Searching for an Item on a List

Let us now define a function which takes as input an airport code Aand a
pointer to a list L and returns a pointer to the first node of L which has that
code. If the code cannot be found, then the function returns NULL.

Searching for an Item on a List Comments
Node;yze;ListSEarch(char *A,NodeType*L) { The function stremp(cs, ct) comparesstring cs tostring ct and returns
odeType *N;
\Tmzlt;(w 1= NULL){  anegative integerif cs precedes ct alphabetically,
if (strcemp(N->Airport, A)==0){
return N; e 0ifcsandct are equal (same contents, not necessarily same address), and
} else {
} N = N->Link; « apositive integer if cs follows ct alphabetically
}
return N; (using the ASCII codes of the characters of the strings)
}




Comments (cont'd)

Let us assume that we have the list below and we are searching for item
“ORD". When the initialization statement N = L is executed, we have the

following situation:

Comments (cont’d)

Later on, inside the while loop, the statement N = N->Link is executed and
we have the following situation:

Comments (cont'd)

Then, the if inside the while loop is executed and the value of N is returned.
Assuming that we did not find “ORD" here, the statement N = N->Link is
again executed and we have the following situation:

Comments (cont'd)

Then, the while loop is executed one more time and the statementN = N-
>Link resultsin the following situation:




Comments (cont'd)

Then, we exit from the while loop and the statement return N returns NULL:

Deleting the Last Node of a List

Let us now write a function to delete the last node of a list L.

* If Lis empty, there is nothing to do.

* If L has one node, then we need to dispose of the node’s storage and then
set L to be the empty list.

* IfF L has two or more nodes then we can use a pair of pointers to
implement the required functionality as shown on the next slides.

Deleting the Last Node of a List (cont’d)

* Note that we need to pass the address of L as an actual parameterin the
form of &L enabling us to change the contents of L inside the function.

 Therefore the corresponding formal parameter of the function will be a
pointer to a pointer to NodeType.

Deleting the Last Node of a List

void DeletelLastNode(NodeType**L) {
NodeType *PreviousNode, *CurrentNode;

if (*L != NULL) {
if ((*L)->Link == NULL) {

free(*L);

*L = NULL;

} else {
PreviousNode= *L;
CurrentNode = (*L)->Link;

while (CurrentNode->Link != NULL) {
PreviousNode = CurrentNode;
CurrentNode = CurrentNode->Link;

}

PreviousNode->Link = NULL;

free(CurrentNode);




Comments

When we advance the pointer pair to the next pair of nodes, the situation is as
fFollows:

Why **?

 Thisis for the case that L has one node only.

 Then, the value of pointer L must be set to NULL in the function
DeletelLastNode

 This can only be done by passing &L in the call of the function.

Inserting a New Last Node on a List

void InsertNewLastNode(char *A, NodeType**L) {
NodeType *N, *P;

N = (NodeType*) malloc(sizeof(NodeType));
strcpy(N->Airport, A);

N->Link = NULL;
if (*L == NULL) {

*L = N;
} else {
P = *L;

while (P->Link != NULL)
P = P->Link;
P->Link = N;

Why **?

 Thisis for the case that L is empty.

« Then, the value of pointer L must be set topoint to the new node in the
function DeleteLastNode

 This can only be done by passing &L in the call of the function.




Question Printing a List

+ Assume now that we have a pointer Tail pointing to the last element of a voidNPgi$tLiszlglflodeType*L) {
linked list. ofetype
printf("(");
« How would the operations of deleting the last node of a list orinserting a _—

new last node on a list change to exploit the pointer Tail? while (N 1= NULL) {

printf("%s", N->Airport);

N = N->Link;
if (N != NULL)
printf(",");
}
printf(")\n");
}
57
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The Main Program The Main Program (cont’d)

#include <stdio.h> int main(void) {
#include <string.h> NodeType *L;
#include <stdlib.h>

L = NULL;
typedef charAirportCode[4]; PrintList(L);
typedef struct NodeTag{

AirportCodeAirport; InsertNewLastNode("DUS", &L);
struct NodeTag *Link; InsertNewLastNode("ORD", &L);

} NodeType; InsertNewLastNode("SAN", &L);
typedef NodeType *NodePointer; PrintList(L);
/* function prototypes */ DeletelLastNode(&L);
void InsertNewLastNode(char *, NodeType**); PrintList(L);
void DeletelLastNode(NodeType**);
NodeType *ListSearch(char*, NodeType*); if (ListSearch("DUS", L) != NULL) {
void PrintList(NodeType*); printf("DUS is an element of the list\n");

}

}

// Code for functions InsertNewlLastNode, PrintlList,
// ListSearch and DeletelLastNodegoes here.




Linked Lists vs. Arrays

« Compare the data structure linked list that we defined in these slides with
arrays.

« What are the pros and cons of each data structure?

Linked Lists vs. Arrays

* The simplicity of inserting and deleting a node is what characterizes
linked lists. This operation is more involved in an array because all the
elements of the array that follow the affected element need to be moved.

* Linked lists are not appropriate For finding the i-th element of a list
because we have to follow ¢ pointers. In an array, the same functionality is
implemented with one operation.

* Such discussion is important when we want to choose a data structure for
solving a practical problem.

Readings

 T.A.Standish. Data Structures, Algorithms and Software Principles in C.
Chapter 2.

 (npoalpetik@) R.Sedgewick. AAydpiBuot os C .Kepdahalo 3.




Recursion
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Under construction

Recursion

* Recursion is a Fundamental concept of Computer Science.

« It usually help us to write simple and elegant solutions to programming
problems.

* You will learn to program recursively by working with many examples to
develop your skills.

Recursive Programs Example
A recursive program is one that calls itself in order to obtain a solution to a  Letus consider a simple program to add up all the squares of integers from
problem. mton.
The reason that it calls itself is to compute a solution to a subproblem that + Aniterative function to do this is the following:
has the following properties:
int SumSquares(int m, int n) {
* The subproblem is smaller than the problem to be solved. int é, sum;
sum=0;
* The subproblem can be solved directly (as a base case) or recursively by ﬁg{uﬁﬁ zuﬂ S5 5 e S S e
making a recursive call. 3
* The subproblem’s solution can be combined with solutions to other
subproblems to obtain a solution to the overall problem.
B




Recursive Sum of Squares

int SumSquares(int m, int n) {
if (m < n) {
return m*m + SumSquares(m+1, n);
}
else {
return m*m;
}
}

Comments

* In the case that the range m:n contains more than one number, the
solution to the problem can be found by adding (a) the solution to the
smaller subproblem of summing the squares in the range m+1:n and (b)
the solution to the subproblem of finding the square of m. (a) is then
solved in the same way (recursion).

* We stop when we reach the base case that occurs when the range m:n
contains just one number, in which case m==n.

* This recursive solution can be called “going-up” recursion since the
successive ranges are m+1:n, m+2:n etc.

Going-Down Recursion

int SumSquares(int m, int n) {
if (m < n) {
return SumSquares(m, n-1) + n*n;
}
else {
return n*n;
}
}

Recursion Combining Two Half-Solutions

int SumSquares(int m, int n) {
int middle;
if (m == n) {
return m*m;

else {
middle = (m + n) / 2;
return;
sumSquares(m,middle) + SumSquares(middle + 1,n);

3




Comments

* The recursion here says that the sum of the squares of the integers in the
range m:n can be obtained by adding the sum of the squares of the left
half range, m:middle, to the sum of the squares of the right half range,
middle+1:n.

* We stop when we reach the base case that occurs when the range
contains just one number, in which case m==n.

* The middle is computed by using integer division (operator /) which
keeps the quotient and throws away the remainder.

Call Trees and Traces

« We can depict graphically the behaviour of recursive programs by drawing
call trees or traces.

g
Call Trees Annotated Call Trees
SumSquares(5,10)
/ SumSquares(5,10)
sumSquares(5,7) sumSquares(8,10) / -
/ \ / \ SumSquares(5,7) SumSquares(
SumSquares(5,6) SumSquares(7,7)SumSquares(8,9) SumSquares(10,10) 61/ \ /
/ \ SumSquares(5,6) Suquuares(? 7)Suquuares(8 9)Suquuares(10 10)
sumSquares(8,8) SumSquares(9,9) /
sumSquares(5,5) SumSquares(6,6)
SumSquares(8,8) SumSquares(9,9)
(5 5) SumSquares(6,6)




Traces

SumSquares(5,10) = SumSquares(5,7) + SumSquares(8,10)
= SumSquares(5,6) + SumSquares(7,7) + SumSquares(8,9) + SumSquares(16
= SumSquares(5,5) + SumSquares(6,6) + SumSquares(7,7) +
+ SumSquares(8,8) + SumSquares(9,9) + SumSquares(10,10)

((25 + 36) + 49)+((64 + 81) + 100)

(61 + 49) + (145 + 100)

(110 + 245)
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Computing the Factorial

 Letus consider a simple program to compute the factorial n! of n.
+ An iterative Function to do this is the following:

int Factorial(int n) {
int i, f;
f =1,
for (i = 2; i <= n; i++)
f=1f*i;
return f;

}

i ial ing th ial 'd
Recursive Factoria Computing the Factorial (cont’d)
inng?ctoriﬁ(?nt n) {  The previous program is a “going-down” recursion.

i m ==

} R 2 » Can you write a “going-up” recursion for factorial?

else {

;eturn n * Factorial(n-1); + Can you write a recursion combining two half-solutions?
¥ « The above tasks do not appear to be easy.




Computing the Factorial (cont'd)

* Itis easier to first write a function Product(m,n) which multiplies together
the numbersin the range m:n.

* Then Factorial(n) = Product(1,n).

Multiplying m:n Together Using Half-

Ranges

int Product(int m, int n) {
int middle;
if (m == n) {
return m;

else {
middle = (m + n) / 2;
return Product(m,middle) * Product(middle + 1,n);

3

Reversing Linked Lists

 Letus now consider the problem of reversing a linked list L.
* The type NodeType has been defined in the previous lecture as follows:

typedef char AirportCode[4];

typedef struct NodeTag {
AirportCode Airport;
struct NodeTag * Link;

} NodeType;

Reversing a List Iteratively

* Aniterative function for reversing a list is the following:

void Reverse(NodeType ** L){
NodeType * R, * N, * L1;

Lil = [ = g

R = NULL;

while (L1 != NULL) {
N = L1;
L1 = L1->Link;
N->Link = R;
R = N;

}

*L =R;




Question

« IFin our main program we have a list with a pointer A to its first node, how
do we call the previous function?

Answer

« We should make the following call:

Reverse(&A)

Reversing Linked Lists (cont’d) Head and Tail of a List
« Arecursive solution to the problem of reversing a list L is found by * LetLbealist. Head(L) is a list containing the first node of L. T'ail(L) is

partitioning the list into its head Head(L) and tail T'ail( L) and then a list consisting of L's second and succeeding nodes.
concatenating the reverse of T'ail (L) with Head(L). ,

* IfL == NULLthen Head(L) and T'ail(L) are not defined.

* If L consists of a single node then Head(L) is the list that contains that

node and T'ail(L) is NULL.
23]




Example

* Let L = (SAN,ORD, BRU, DUS). Then
* Head(L) = (SAN) and

» Tail(L) = (ORD, BRU,DUS).

Reversing Linked Lists (cont’d)

NodeType * Reverse(NodeType * L){
NodeType * Head, * Tail;
if (L == NULL) {
return NULL;
}
else {
Partition(L, &Head, &Tail);
return Concat(Reverse(Tail), Head);
}
}

Reversing Linked Lists (cont’d)

void Partition(NodeType * L, NodeType ** Head, NodeType ** Tail) {
if (L !'= NULL) {
* Tail = L->Link;
* Head = L;
(* Head)->Link = NULL;

Reversing Linked Lists (cont’d)

NodeType *Concat(NodeType *L1, NodeType *L2) {
NodeType * N;
if (L1 == NULL) {
return L2;

else {
N = L1;
while (N->Link != NULL)
N = N->Link;
N->Link = L2;
return L1;




Infinite Regress

Let us consider again the recursive factorial function:

int Factorial(int n){
if (n ==1) {
return 1;

else {
return n * Factorial(n-1);

3
b

What happens if we call Factorial(0)?

Infinite Regress (cont’d)

Factorial(0)= 0 * Factorial(-1)
=0 *(-1) * Factorial(-2)
=0*(-1) * Factorial(-3)
< andsoon, in aninfinite regress.

« When we execute this function call, we get "Segmentation fault (core
dumped)”.

The Towers of Hanoi

The Towers of Hanoi (cont’d)

To Move 4 disks from Peg 1 to Peg 3:
* Move 3 disks from Peg 1 to Peg 2

* Move 1 disk from Peg 1 to Peg 3

* Move 3 disks from Peg 2 to Peg 3




Move 3 Disks from Peg 1 to Peg 2
1 2 3

|

L1

Move 1 Disk from Peg 1 to Peg 3
2

|

3

Move 3 Disks from Peg 2 to Peg 3
2 3

-

Done!




A Recursive Solution

void MoveTowers(int n, int start, int finish, int spare) {

if (n == 1) {

printf("Move a disk from peg %1d to peg %1d\n", start, finish);
}
else {

MoveTowers(n-1, start, spare, finish);
printf("Move a disk from peg %1d to peg %1d\n", start, finish);
MoveTowers(n-1, spare, finish, start);
}
}

Analysis
Let us now compute the number of moves L(n) that we need as a function of
the number of disks n:

L(1)=1L(n)=Ln—1)+1+L(n—1)=2xLn—1)+1,n>
1

The above are called recurrence relations. They can be solved to give:

L(n)=2n-1

Analysis (cont’d)

« Techniques for solving recurrence relations are taught in the Algorithms
and Complexity course.

* The running time of algorithm MoveTowers is exponential in the size of
the input.

Readings

 T.A.Standish. Data structures, algorithms and software principles in C.
« Chapter 3.

 (npoalpetik@) R. Sedgewick. AAyopiBuot o C. Ke@. 5.1 kal 5.2.







Modularity and Data Abstraction
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Under construction

Procedural Abstraction

* When programs get large, certain disciplines of structuring need to be
followed rigorously. Otherwise, the programs become complex, confusing
and hard to debug.

* Inyour first programming course you learned the benefits of procedural
abstraction (6tadikaotiki apaipeon). When we organize a sequence of
instructions into a function F(x1, ..., xn), we have a named unit of action.

* When we later on use this function F, we only need to know what the
function does, not how it does it.

2]
[ ] ' (] [ ) [ ]
Procedural Abstraction (cont'd) Information Hiding
Separating the what from the how is an act of abstraction (a@aipeon). It « Inyour first programming course, you have also learned the benefits of
provides two benefits: having locally defined variables.
* Easeof use * Thisis an instance of information hiding (anékpuyn nAnpo@opiag).
* Ease of modification « It has the advantage that local variables do not interfere with identically
named variables outside the function.
 Abstraction and information hiding in a programming language are greatly
enhanced with the concept of module (evétnta).
B




Modules and Abstract Datatypes

» Amodule is a unit of organization of a software system that packages
together a collection of entities (such as data and operations) and that
carefully controls what external users of the module can see and use.

« Modules have ways of hiding things inside their boundaries to prevent
external users from accessing them. This is called information hiding.

+ Abstract data types (apaipetikoi Tunot dedopévwy, ADTs) are
collections of objects and operations that present well defined interfaces
(8itena@é£g) to their users, meanwhile hiding the way they are represented
in terms of lower-level representations.

* Modules can be used to implement abstract data types.

Modules (cont’'d)

Many modern programming languages offer modules that have the following
important features:

« They provide a way of grouping together related data and operations.
» They provide clean, well-defined interfaces to users of their services.
« They hide internal details of operation to prevent interference.

« They can be separately compiled.

Modules (cont'd)

* Modules are an important tool for “dividing and conquering” a large
software task by combining separate components that interact cleanly.

* They ease software maintenance (cuvtipnon Aoyiopikou) by allowing
changes to be made locally.

Encapsulation

« When we have features like modules in programming languages, we use
the term encapsulation (evBuAdakwon, the hidden local entities are
encapsulated and a module is a capsule).




Modules in C

* By means of careful use of header Files, we can arrange for separately

compiled C program files to have the above four properties of modules.

* In this way C modules are similar to packages or modules in other
languages such as Modula-2 and Ada.

Modules in C (cont'd)

« A Cmodule M consists of two files Minterface.h and Mimplementation.c
that are organized as follows.

» The file Minterface.h:

VAT R <the text for the file MInterface.h starts here>---------- */
(declarations of entities visible to external users of the module)
A <end of file MInterface.h>-----------cccoooo---- */

o]
(] , (]
Modules in C (cont'd) The Interface File
* The file Mimplementation.c: * Minterface.his the interFace file.
A <the text for the file Mimplementation.c starts here>--- * It declares all the entities in the module that are visible to (and therefore
jﬂiﬁgg f;;ﬁtg;?;e.h.. usable by) the external users of the module.
(declarations of entities private to the module plus the)
(complete declarations of functions exposed by the module) * Such visible entities include constants, typedefs, variables and
S <end of file MImplementation.c>-------------------- Functions. Only the prototype of each visible function is given (and only
the argument types, not the argument names).
« The book by Standish recommends that declarations of functions in the
interface file are “extern” declarations. This is not necessary so we will not
fFollow it.




The Implementation File

* MImplementation.c is the implementation file.

* It contains all the private entities in the module, that are not visible to the
outside.

* |t contains the Full declarations and implementations of functions
whose prototypes have been given in the interface file.

* Itincludes (via #include) the userinterface file.

The Main Program

* A main program (client program) that uses two modules Aand B is
organized as follows:

#include <stdio.h>
#include "ModuleAInterface.h"
#include "ModuleBInterface.h"
(declarations of entities used by the main program)
int main(void) {
(statements to execute in the main program)

}

Separate Compilation Priority Queues — An Abstract Data Type
We can compile the module and the client program separately: « Apriority queue is a container that holds some prioritized items. For
example, a list of jobs with a deadline for processing each one of them.
gcc -c MImplementation.c -o M.o
gcc -c ClientProgram.c -o ClientProgram.o . W.hen we remove an item from a priority queue, we always get the item
with highest priority.
gcc M.o ClientProgram.o --o ClientProgram.exe
» With the first two commands, we compile the C files to produce object
Files. Then, the object files are linked to produce the final executable.




Defining the ADT Priority Queue

A priority queue is a finite collection of items for which the following
operations are defined:

* Initialize the priority queue, PQ, to the empty priority queue.
» Determine whether or not the priority queue, PQ, is empty.

* Determine whether or not the priority queue, PQ, is Full.

* Insert a new item, X into the priority queue, PQ.

* If PQis non-empty, remove from PQ an item X of highest priority in PQ.

A Priority Queue Interface File

/* this is the file PQInterface.h */
#include "PQTypes.h"

/* defines types PQItem and PriorityQueue */
void Initialize (PriorityQueue *);

int Empty (PriorityQueue *);

int Full (PriorityQueue *);

void Insert (PQItem, PriorityQueue *);
PQItem Remove (PriorityQueue *);

[ ] (] (] (] [ ) (] (] (] '
Sorting Using a Priority Queue Sorting Using a Priority Queue (cont’d)
Let us now define an array A to hold ten items of type PQItem, where ’* tgiz is Ege mﬁin program */

. . . . # < .h>
PQltems have been defined to be integer values, such that biggerintegers e ..§Qlﬁﬁerface.h..
have greater priority than smaller ones: typedef PQItem SortingArray[MAXCOUNT];
/* Note: MAXCOUNT is 10 */
typedef int PQItem: void PriorityQueueSort(SortingArray A) {
o . int 1i;
gggigszsggteE.SortlngArray[lo], PriorityQueue PQ;
gArray A; Initialize(&PQ);
for (i = 0; i < MAXCOUNT; i++) Insert(A[i], &PQ);
We can now use a priority queue to sort the array A. ; for (i = MAXCOUNT - 1; i >= 0; i--) A[i] = Remove(&PQ);
We can successfully use the ADT priority queue whose interface was given
earlier without having to know any details of its implementation.
B B




Sorting Using a Priority Queue (cont’'d)

int Squareof(int x) {
return x * Xx;
}
int main(void) {
int i; SortingArray A;
for (i = 0; i < 10; i++){
A[i] = SquareOf(3 * i - 13);
printf("%d ",A[i]);

}

printf("\n");

PriorityQueueSort(A);

for (i = 0; i < 10; i++) {
printf("%d ",A[i]);

}
printf("\n");
return 0;

Implementations of Priority Queues

We will present two implementations of a priority queue:

 Using sorted linked lists

 Using unsorted arrays

The Priority Queue Data Types

* Inthe sorted linked list case, the file PQTypes.h can be defined as
follows:

#define MAXCOUNT 10
typedef int PQItem;
typedef struct PQNodeTag {
PQItem NodeItem;
struct PQNodeTag * Link;
} PQListNode;

typedef struct {

int Count;

PQListNode * ItemList;
} PriorityQueue;

Implementing Priority Queues Using
Sorted Linked Lists

/* This is the file PQImplementation.c */

#include <stdio.h>

#include <stdlib.h>

#include "PQInterface.h"

/* Now we give all the details of the functions */
/* declared in the interface file together with */
/* local private functions. */

void Initialize(PriorityQueue *PQ) {
PQ->Count = 0;
PQ->ItemList = NULL;




Implementing Priority Queues Using
Sorted Linked Lists (cont'd)

int Empty(PriorityQueue *PQ) {
return(PQ->Count == 0);

3

int Full(PriorityQueue *PQ) {
return(PQ->Count == MAXCOUNT);

3

Implementing Priority Queues Using
Sorted Linked Lists (cont'd)

PQListNode *SortedInsert(PQItem Item, PQListNode *P) {
PQListNode * N;
if ((P == NULL) || (Item >= P->NodeItem)){
N = malloc(sizeof(PQListNode));
N->NodeItem = Item;
N->Link = P;
return(N);

else {
P->Link = SortedInsert(Item, P->Link);
return(P);

Implementing Priority Queues Using
Sorted Linked Lists (cont’'d)

void Insert(PQItem Item, PriorityQueue *PQ) {
if (! Full(PQ)) {
PQ->Count++;
PQ->ItemList = SortedInsert(Item, PQ->ItemList);

Functions Insert and SortedInsert

The function Insert keeps the elements of the list in decreasing order (the
first item has the highest priority).

The function Insert calls SortedInsert for doing the actual insertion.
SortedInsert has three cases to consider:
« If the ItemList of PQ is empty.

« Ifthe new item has priority greater than or equal the priority of the first
item on ItemList.

« If the new item has priority less than that of the first item on ItemList. In
this case the function is called recursively on the tail of the list.




Implementing Priority Queues Using
Sorted Linked Lists (cont'd)

PQItem Remove(PriorityQueue *PQ) {
PQItem temp;
if (!Empty(PQ)) {
temp = PQ->ItemList->NodeItem;
PQ->ItemList = PQ->ItemList->Link;
PQ->Count--;
return(temp);

Function Remove

The function Remove simply deletes the item in the first node of the linked
list representing PQ (this is the item with highest priority) and returns the
value of its field Nodeltem.

The Priority Queue Data Types

* Inthe unsorted array case, the file PQTypes.h can be defined as follows:

#define MAXCOUNT 10
typedef int PQItem;
typedef PQItem PQArray[MAXCOUNT];
typedef struct {
int Count;
PQArray ItemArray;
} PriorityQueue;

Implementing Priority Queues Using
Unsorted Arrays

/* This is the file PQImplementation.c */
#include <stdio.h>
#include "PQInterface.h"
/* Now we give all the details of the functions */
/* declared in the interface file together with */
/* local private functions. */
void Initialize(PriorityQueue *PQ) {
PQ->Count = 0;
}




Implementing Priority Queues Using
Unsorted Arrays (cont’d)

int Empty(PriorityQueue *PQ) {
return(PQ->Count == 0);
}

int Full(PriorityQueue *PQ) {
return(PQ->Count == MAXCOUNT);
}

Implementing Priority Queues Using
Unsorted Arrays (cont’d)

void Insert(PQItem Item, PriorityQueue * PQ) {
if (!'Full(PQ)) {
PQ->ItemArray[PQ->Count] = Item;
PQ->Count++;

Function Insert

The function Insert simply appends the new item to the end of array
IltemArray of PQ.

Implementing Priority Queues Using
Unsorted Arrays (cont’d)

PQItem Remove(PriorityQueue *PQ) {
int i;
int MaxIndex;
PQItem MaxItem;
if (!Empty(PQ)) {
MaxItem = PQ->ItemArray[0];
MaxIndex = 0;
for (i = 1; i < PQ->Count; i++) {
if (PQ->ItemArray[i] > MaxItem) {
MaxItem = PQ->ItemArray[i];
MaxIndex = 1i;
}
}
PQ->Count--;
PQ->ItemArray[MaxIndex] = PQ->ItemArray[PQ->Count];
return(MaxItem);




Function Remove

In the function Remove, we first find the item with highest priority. Then, we
save it in a temporary variable (Maxltem), we delete it from the array
ltemArray and move the last item of the array to its position. Then, we return
the item of the highest priority.

Interface Header Files

Note that the module interface header file PQInterface.h is included in two
important but distinct places:

* At the beginning of the implementation Files that define the hidden
representation of the externally accessed module services.

* At the beginning of programs that need to gain access to the external
module services defined in the interface file.

Separate Compilation

We can compile the module and the client program separately:

gcc -c PQImplementation.c -o PQ.o
gcc -c sorting.c -o sorting.o
gcc PQ.o sorting.o --o program.exe

» With the first two commands, we compile the C files to produce object
Files. Then, the object files are linked to produce the final executable.

Information Hiding Revisited

 Let us revisit the sorting program we wrote earlier and consider the new
printf statement.

#include <stdio.h>
#include "PQInterface.h"
typedef PQItem SortingArray[MAXCOUNT];
/* Note: MAXCOUNT is 10 */
void PriorityQueueSort(SortingArray A) {
int i;
PriorityQueue PQ;
Initialize(&PQ);
for (i = 0; i < MAXCOUNT; i++)
Insert(A[i], &PQ);
printf("The queue contains %d elements\n",PQ.Count);
for (i = MAXCOUNT - 1 ; i >= 0; i--)
A[i] = Remove(&PQ);




Information Hiding Revisited (cont'd) Another Example: Complex Number
Arithmetic

* This printf statement accesses the Count field of the priority queue PQ.
Therefore, the previous module organization has not achieved

inFormation hiding as nicely as we would want it. * A complex number is an expression a + bi where a and b are reals.

« We can live with that deficiency or try to address it. How? * aiscalled the real part and b the imaginary part.

* i = v/—1isthe imaginary unit. It follows that i = —1.

« To multiply complex numbers, we follow the usual algebraic rules.

Examples Complex Roots of Unity
* (a+ bi)(c+ di) = ac + bci + adi + bdi* = (ac — bd) + (ad + be)i « In general, there are many complex numbers that evaluate to 1 when
raised to a power. These are the complex roots of unity.
c1-9(1—-d)=1—-i—i+1*=—2;
* Foreach N, there are exactly N complex numbers zsuch that 2" = 1
s (1+i)* =4t =4
* The numbers cos(2pk/N) fork = 0,1,..., N — 1 can be easily shown
* (1+4)° =16 to have this property.
* Dividing the two parts of the above equation by 16 = \/—18, we find that * Let us now write a program that computes and outputs these numbers for

(1/\/§+i/\/§)8 -1 agiven N




An ADT for Complex Numbers: the
Interface

/* This is the file COMPLEX.h */
typedef struct complex * Complex;
Complex COMPLEXinit(float, float);
float Re(Complex);

float Im(Complex);

Complex COMPLEXmult(Complex, Complex);

Notes

* The interface on the previous slide provides clients with handles to
complex number objects but does not give any information about the
representation.

« The representation is a struct that is not specified except forits tag name.

Handles

* We use the term handle to describe a reference to an abstract object.

« Our goalis to give client programs handles to abstract objects that can be
used in assignment statements and as arguments and return values of
functions in the same way as built-in data types, while hiding the
representation of objects from the client program.

Complex Numbers ADT Implementation

/* This is the file CImplementation.c */

#include <stdlib.h>

#include "COMPLEX.h"

struct complex {
float Re;
float Im;

}

Complex COMPLEXinit(float Re, float Im) {
Complex t = malloc(sizeof * t);
t->Re = Re; t->Im = Im;
return t;

}

float Re(Complex z) {
return z->Re;

float Im(Complex z) {
return z->Im;

}
Complex COMPLEXmult(Complex a, Complex b) {

return COMPLEXinit(Re(a) * Re(b) - Im(a) * Im(b), Re(a) * Im(b) +
}




Notes

* The implementation of the interface in the previous program includes the
definition of structure complex (which is hidden from the clients) as well
as the implementation of the functions provided by the interface.

« Objects are pointers to structures, so we dereference the pointer to refer
to the fields.

Client Program

/* Computes the N complex roots of unity for given N */
/* This is file roots-of-unity.c */
#include <stdio.h>
#include <math.h>
#include "COMPLEX.h"
#define PI 3.141592625
int main(int argc, char *argv[]) {
int i, j, N = atoi(argv[1]);
Complex t, x;
printf("%dth complex roots of unity\n", N);
for (i = 0; i < N; i++) {
float r = 2.0 * PI * i/N;
t = COMPLEXinit(cos(r), sin(r));
printf("%2d %6.3f %6.3f ", i, Re(t), Im(t));
for (x = t, j =0; j < N-1; j++)
X = COMPLEXmult(t, x);
printf("%6.3f %6.3f\n", Re(x), Im(x));

Notes

 The client program outputs the powers of unity one by one, together with
a verification that they are indeed such powers. To verify this, raising to a
power is implemented by multiplication.

Notes

* In this case, we can see that the exact representation of a complex number
is hidden from the client program.

 The client program can refer to the real and the imaginary part of a
number only by using the functions Re and Im provided by the interface.




Command Line Arguments

argc (argument count) // is the number of command line arguments.
argv (argument vector) // is pointer to an array of character strings

By convention, argv[0] is the name by which the program was invoked so
argcis at least 1.

* In the previous program argv[1] contains the value of N.

Separate Compilation

We compile the module and the client program separately  :

gcc -c CImplementation.c -o CI.o
gcc -c roots-of-unity.c -o roots-of-unity.o
gcc CI.o roots-of-unity.o --o program.exe -1m

 With the first two commands we compile the C files to produce object
files. Then the object files are linked to produce the final executable.
Notice that we have to use the option —lm to link the math library.

Exercise

* Revisit the ADT priority queue and define a better interface and its
implementation so that we have information hiding.

Readings

T. A. Standish. Data Structures, Algorithms and Software Principles in C.
e Chapter 4.
« Robert Sedgewick. AAydpiBpot og C.

* Kep. 4







Stacks (ZtoiBec)
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Under construction

Stacks and Queues

* Linear data structures are collections of components arranged in a
straight line.

« If we restrict the growth of a linear data structure so that new

components can be added and removed only at one end, we have a stack.

* If new components can be added at one end but removal of components

must take place at the opposite end, we have a queue (oupa avapovig).

Examples of Stacks in Real Life

Stacks in Computer Science

Stacks are used in many areas of Computer Science:
* Parsing algorithms
+ Pushdown automata
 Expression evaluation algorithms
 Backtracking algorithms

 Activation records in run-time stack.




Stacks

* Stacks are sometimes called LIFO lists where LIFO stands for “last-in, first-
out”.

* When we add a new object to the top of a stack, thisis called “pushing”.

« When we remove an object from the top of a stack, this is called
“popping”.

 Pushing and popping are inverse operations.

Sequences

* Afinite-length sequence S = (s, $2, - . ., 1) isjust an ordered
arrangement of finitely many components s1, 8o, . . ., Sy.

» The length of a sequence is the number of its components.

* Thereis a special sequence with length 0 called the empty sequence.

An Abstract Data Type for Stacks

A stack Sof items of type Tis a sequence of items of type Ton which the
following operations can be defined:

* Initialize the stack Sto be the empty stack.

* Determine whether or not the stack Sis empty.
* Determine whether or not the stack Sis Full.

* Push anew item onto the top of stack S.

* If Sis nonempty, pop an item from the top of stack S.

An Interface for Stacks

* Using separately compiled C Files, we can define C modules that specify
the underlying representation for stacks and implement the abstract stack
operations.




The Stack ADT Interface

/* This is the file StackInterface.h */
#include "StackTypes.h"

void InitializeStack(Stack *S);

int Empty(Stack *S);

int Full(Stack *S);

void Push(ItemType X, Stack *S);

void Pop(Stack *S, ItemType *X);

Using the Stack ADT to Check for
Balanced Parentheses

* The first application of the Stack ADT that we will study involves
determining whether parentheses and brackets balance properly in
algebraic expressions.

- Example: {a® — [(b+ ¢)? — (d + €)?] * [sin(z — y)|} — cos(z + ¥)

« This expression contains parentheses, square brackets, and braces in
balanced pairs according to the pattern {[ () )T [ ()]} ()

o]
The Algorithm The Program
* We can start with an empty stack and scan a string representing the #include <stdio.h>
. . . #include <stdlib.h>
algebraic expression from left to right. ginclude <string.h>

« Whenever we encounter a left parenthesis (, a left bracket [ or a left brace char *InputExpression;

{, we pushiit onto the stack. B e e
switch (c) {

« Whenever we encounter a right parenthesis ), a right bracket ] or a right case '(' : return d==")';
brace }, we pop the top item off the stack and check to see that its type casebf??kj e T
matches the type of right parenthesis, bracket or brace encountered. break;

case '{' : return d=="}";

+ If the stack is empty by the time we get to the end of the expression string D
and if all pairs of matched parentheses were of the same type, the break;
expression has properly balanced parentheses. Otherwise, the 3 ¥
parentheses are not balanced properly.




The Program (cont’d)

void ParenMatch(void) {
int n, i=0; char c, d;
Stack ParenStack;
InitializeStack(&ParenStack);
n = strlen(InputExpression);

while (i < n) {
d = InputExpression[i];
if (d=="(" [| d=="[" || d=="{" ) {
Push(d, &ParenStack);
} else if ( d==")" || d=="]" || d=="}") {
if (Empty(&ParenStack)) {
printf("More right parentheses than left parentheses\
return;

The Program (cont’d)

} else {
Pop(&ParenStack, &c);
if( ! Match(c,d)) {
printf("Mismatched Parentheses: %c and %c\n",c,d
return;

}
i++;
}
if (Empty(&ParenStack)) {
printf("Parentheses are balanced properly\n");
} else {
printf("More left parentheses than right parentheses\n");

, (] (]
The Program (cont’d) Using the Stack ADT to Evaluate PostFfix
int main(void) { ExpreSSIonS
InputExprgssion = malloc(lQO * §izeof(char));
2;2;?(/glveIigEEEXEﬁggzizﬁ)’n without blanks:"); * Expressions are usually written in infix notation (evBepatikd
ParenMatch(); oupBoAtopo) e.g., (a+b)*2-c. Parentheses are used to denote the order
return 0; of operation.
}
* Postfix (netaBepatikég) expressions are used to specify algebraic
operations using a parentheses free notation. For example, ab+2*c-.
« The postfix notation L R op corresponds to the infix notation L op R.
H 15 ]




Examples

InFix PostFix
(a+b) ab+
(x-y-2)
(x-y-2)/(u+v)
(

ar2+b”2)*(m-n) a2”"b2”2+mn-*

Xy-2-

Xy-z-uv+/

Prefix Notation

* There is also prefix (or Polish) notation (evBepatikég cupBoAtopdcg) in
which the operator precedes the operands.

* Example: + 3 *2 5is the prefix formof (2*5) + 3

* Prefix and postfix notations do not need parentheses for denoting the
order of operations.

The Algorithm The Program
 To evaluate a postfix expression P, you scan From left to right. #include <stdio.h>
#include <stdlib.h>
. . #include <math.h>
* When you encounter an operand X, you push it onto an evaluation stack S. #include <ctype.h>
#include <string.h>
* When you encounter an operator op, you pop the topmost operand ztinciuge ;;act@terface-h"
stacked on Sinto a variable R (which denotes the right operand), then you Ch2$ Po:ifixgir;ng[zo];
pop another topmost operand stacked on Sonto a variable L (which void InterpretPostfix(void) {
d he lef d float LeftOperand, RightOperand, Result;
enotes the left operand). int i;
char c;
« Finally, you perform the operation opon L and R, getting the value of the char s[] = 'x';
expression L op R, and you push the value back onto the stack S. InitializeStack(&EvalStack);
« When you finish scanning P, the value of Pis the only item remaining on
the stack S.
B




The Program (cont’d)

for (i = 0; i < strlen(PostfixString); i++) {
s[0] = ¢ = PostfixString[i];

if (isdigit(c)) {
Push( (float) (atof(s)), &EvalStack);

} else if (c=='+' || c=="-"' || c==" * ' || c=="/" || c=="'A")
Pop(&EvalStack, &RightOperand);
Pop(&EvalStack, &LeftOperand);

The Program (cont’d)

switch (c) {
case '+': Push(LeftOperand+RightOperand, &EvalStack);

break;

case '-': Push(LeftOperand-RightOperand, &EvalStack);
break;

case '* ': Push(LeftOperand*RightOperand, &EvalStack);
break;

case '/': Push(LeftOperand/RightOperand, &EvalStack);
break;

case 'N': Push(pow(LeftOperand, RightOperand), &EvalStack
break;

default: break;

}
}

}
Pop(&EvalStack, &Result);
printf("Value of postfix expression = %f\n", Result);

’
Notes The Program (cont’d)
* We need the string s[] (which is terminated by the character \\ 0°) so that int main(void) { : o
. . printf("Give input postfix string without blanks:");
we can apply the function atof(char *) to it and get back a real number. We scanf("%s", PostfixString);
cannot apply this function to the character variable c. i:iﬁ:ﬁrg?os”ix( )i
}
23]




Implementing the Stack ADT

We will present two implementations of the stack ADT based on:

* arrays (sequential representation)
« linked lists (linked representation)

Both implementations can be used to realize the two applications we
presented earlier.

The Implementation Based on Arrays

/* This is the file StackTypes.h */
#define MAXSTACKSIZE 100
typedef char ItemType;
/* char is the type for our first application */
/* float is the type for our second application */
typedef struct{
int Count;
ItemType Items[MAXSTACKSIZE];
} Stack;

The Implementation Based on Arrays
(cont’d)

/* This is the file StackImplementation.c */
#include <stdio.h>
#include <stdlib.h>
#include "StackInterface.h"
void InitializeStack(Stack *S) {
S->Count = 0;

}

int Empty(Stack *S) {
return (S->Count == 0);

}

The Implementation Based on Arrays
(cont’d)

int Full(Stack * S) {
return(S->Count == MAXSTACKSIZE);
}

void Pop(Stack * S, ItemType * X) {
if (S->Count ==0) {
printf("attempt to pop the empty stack");
} else {
--(S->Count);
* X = S->Items[S->Count];




The Implementation Based on Arrays
(cont’'d)

void Push(ItemType X, Stack *S) {
if (S->Count == MAXSTACKSIZE){
printf("attempt to push new item on a full stack");
} else {
S->Items[S->Count] = X;
++(S->Count);

The Implementation Based on Linked
Lists

/* This is the file StackTypes.h */
typedef char ItemType;
/* char is the type for our first application */
/* float is the type for our second application */
typedef struct StackNodeTag {

ItemType Item;

struct StackNodeTag * Link;
} StackNode;

typedef struct {
StackNode * ItemList;
} Stack;

The Implementation Based on Linked
Lists (cont’d)

/* This is the file StackImplementation.c */
#include <stdio.h>
#include <stdlib.h>
#include "StackInterface.h"
void InitializeStack(Stack *S) {
S->ItemList = NULL;
}

int Empty(Stack *S) {
return (S->ItemList==NULL);

3

int Full(Stack *S) {
return 0;

3

/* We assume an already constructed stack is not full since it can
otentially */
/* grow as a linked structure */

The Implementation Based on Linked
Lists (cont’d)

void Push(ItemType X, Stack *S) {
StackNode * Temp;
Temp = malloc(sizeof(StackNode));
if (Temp == NULL) {
printf("system storage is exhausted");
} else {
Temp->Link S->ItemList;
Temp->Item = X;
S->ItemList = Temp;




The Implementation Based on Linked
Lists (cont'd)

void Pop(Stack *S, ItemType *X) {
StackNode * Temp;
if (S->ItemList == NULL){
printf("attempt to pop the empty stack");
} else {
Temp = S->ItemList;
* X = Temp->Item;
S->ItemList = Temp->Link;
free(Temp);

Information Hiding Revisited

* The two previous specifications of the ADT stack do not hide the details
of the representation of the stack since a client program can access the

array or the list data structure because it includes Stackinterface.h and
therefore StackTypes.h.

« We will now present another specification which does a better job in
hiding the representation of the stack.

The Interface File STACK.h

void STACKinit(int);
int STACKempty();
void STACKpush(Item);
Item STACKpop();

The type Item will be defined in a header file Item.h which will be included in

the implementation of the interface and the client programs.

The Implementation of the Interface

As previously, we will consider an array implementation and a linked list
implementation of the ADT stack.




The Array Implementation

#include <stdlib.h>
#include "Item.h"
#include "STACK.h"
static Item *s;
static int N;
void STACKinit(int maxN) {
s = malloc(maxN * sizeof(Item));

N = 0;

}

int STACKempty() {
return N == 0;

}

void STACKpush(Item item) {
s[N++] = item;

Item STACKpop() {
return s[--N];
}

Notes

« Thevariable sis a pointer to an item (equivalently, the name of an array of
items defined by Item s[]).

« When there are N items in the stack, the implementation keeps them in
array elements s[0], ..., S[N-1].

« The variable N shows the top of the stack (where the next item to be
pushed will go).

* Nisdefined as a static variable i.e., it retains its value throughout calls
of the various functions that access it.

« The client program passes the maximum number of items expected on the
stack as an argument to STACKinit.

« The previous code does not check for errors such as pushing onto a full
stack or popping an empty one.

The Linked List Implementation

#include <stdlib.h>
#include "Item.h"

typedef struct STACKnode* 1link;
struct STACKnode {

Item item;

link next;

}
static link head;

link NEW(Item item, link next) {
link x = malloc(sizeof (* x));

x->item = item;
x->next = next;
return Xx;

The Linked List Implementation(cont’'d)

void STACKinit(int maxN) {
head = NULL;
}

int STACKempty() {
return head == NULL;
}

STACKpush(Item item) {
head = NEW(item, head);
}

Item STACKpop() {
Item item = head->item;
link t = head->next;
free(head);
head = t;
return item;




Notes

« Thisimplementation uses an auxiliary function NEW to allocate memory
for a node, set its fields from the function arguments, and return a link to
the node.

* In thisimplementation, we keep the stack in the reverse order of the array
implementation; from most recently inserted elements to least recently
inserting elements.

* Information hiding: For both implementations (with arrays or linked lists),
the data structure for the representation of the stack (array or linked list)
is defined only in the implementation file thus it is not accessible to client
programs.

Translating Infix Expressions to PostFix

 Letus now use the latest implementation of the stack ADT to implement a
translator of Fully parenthesized infix arithmetic expressions to postfix.

* The algorithm for doing this is as follows. To convert (A+B) to the postfix
form AB+, we ignore the left parenthesis, convert A to postfix, save the +
on the stack, convert B to postfix, then, on encountering the right
parenthesis, pop the stack and output the +.

Example Input Output Stack

(

« We want to translate the infix expression ((5*(9+8))+7) into postfix. (

* Theresult willbe 598 +*7 +. 5 5
* *
( *
9 9 *
+ * 4
8 8 * 4
) + *
) *
+ +
7 7 +
) +




The Client Program

#include <stdio.h>
#include <string.h>
#include "Item.h"
#include "STACK.h"
int main(int argc, char *argv[]) {
char * a = argv[1];
int i, N = strlen(a);
STACKinit(N);
for (i = 0; i < N; i++) {
if (a[i] = ")")
printf("%c ", STACKpop());
if ((a[i] == '+") || (a[i] == "*"))
STACKpush(a[i]);
if ((a[i] >= 'e') && (a[i] <= '9"))
printf("%c ", a[i]);

}
printf("\n");
return 0;

The File Item.h

 The file Item.h can only contain a typedef which defines the type of items
in the stack.

 Forthe previous program, this can be:

typedef char Item;

A Weakness of the 2nd Solution

« The 2nd solution for defining and implementing a stack ADT is weaker
than the 1st one since it allows the construction and operation of a single
stack by a client program.

+ Conversely, the 1st solution allows us to define many stacks in the client
program.

Exercise

« Modify the 1st solution so that it does better information hiding without
losing the capability to be able to define many stacks in the client program.




Question

« Which implementation of a stack ADT should we prefer?

Answer

It depends on the application.

In the linked list implementation, push and pop take more time to allocate
and de-allocate memory.

If we need to do these operations a huge number of times then we might
prefer the array implementation.

On the other hand, the array implementation uses the amount of space
necessary to hold the maximum number of items expected. This can be
wastefulif the stack is not kept close to full.

The list implementation uses space proportional to the number of items
but always uses extra space for a link peritem.

Note also that the running time of push and pop in each implementation
is constant.

How C Implements Recursive Function
Calls Using Stacks

« When calling an instance of a function F(a7,a2,...,an) with actual
parameters a7, a2,...,an, C uses a run-time stack.

* Acollection of information called a stack Frame or call frame or
activation record is prepared to correspond to the call and it is placed on
top of other previously generated stack frames on the run-time stack.

Stack Frames

The information in a stack frame consists of:

Space to hold the value returned by the Function.
A pointer to the base of the previous stack frame in the stack.

A return address, which is the address of an instruction to execute in
order to resume the execution of the caller of the function when the call
has terminated.

Parameter storage sufficient to hold the actual parameter values used in
the call.

A set of storage locations sufficient to hold the values of the variables
declared locally in the function.




Example - Factorial

int Factorial(int n) {

if (n == 1) {
return 1;
} else {

return n * Factorial(n-1);

}

* Let us consider the call x=Factorial(2).

Stack Frame For Factorial(2)

<«——— Space for more stack growth

empty te——— Space for locally declared variables
2 [«<—— Actual Parameter n=2
o <+——— Return Address

—e l«—— Pointer to previous stack frame base
? <«—— Return value of Factorial(2)
LU <«—— Address of x

Stack Frame for Factorial(2)and

Factorial(1)

<«—— Space for more stack growth

<«—— Space for locally declared variables

<«—— Actual Parameter n=1

«—— Return Address

|«——— Pointer to previous stack frame base

«—— Return value of Factorial(1)

te——— Space for locally declared variables

|«— Actual Parameter n=2

<«—— Return Address

l«——— Pointer to previous stack frame base

<—— Return value of Factorial(2)

<«—— Address of x

Stack After Return from Factorial(1)

l«———  Space for more stack growth

1 <«—— Return value of Factorial(1)
empty t«——— Space for locally declared variables
2 [«<—— Actual Parameter n=2
o <+——— Return Address
— l«—— Pointer to previous stack frame base
? <«—— Return value of Factorial(2)
0] <+—— Address of x




Stack After Return from Factorial(2) More Details

 Stack + Iteration can implement Recursion.
1 e Space for more stack growth ¢ Run-time stacks are discussed in more details in a Compilers course.
2 «——— Return value of Factorial(2)
llJ <«—— Address of x

Using Stacks Readings

* Generally speaking, stacks can be used to implement any kind of nested
structure.

T. A. Standish. Data Structures, Algorithms and Software Principles in C.

e Chapter?7.

« When processing nested structures, we can start processing the ) ,
outermost level of the structure, and if we encounter a nested * R.Sedgewick. AlvpiBuot oe C.
substructure, we can interrupt the processing of the outer layer to begin
processing an inner layer by putting a record of the interrupted status of
the outer layer's processing on top of a stack.

* Kep. 4

* In this way the stack contains postponed obligations that we should
resume and complete.







Queues

KO8 Aopéc Aedopévwy Kat TexViKES Mpoypapuatiopou

Under construction

The ADT Queue

A queue Q of items of type Tis a sequence of items of type Ton which the
following operations are defined:

* Initialize the queue to the empty queue.

» Determine whether or not the queue is empty.

* Determine whether or not the queue is Full.

» Provided Qis not full, insert a new item onto the rear of the queue.

* Provided Qis nonempty, remove an item from the front of Q.

The ADT Queue (cont'd) Queue Representations
Queues are also known as FIFO lists (first-in first-out). The ADT queue can be implemented using either sequential or linked
representations.
3|




Sequential Queue Representations

We can use an array as follows:

Departures Arrivals

[TTREERLTT]

Direction of travel through memory

Sequential Queue Representations
(cont’'d)

* This representation is not very handy.

« The positions of the array to the right will be filled until there is space to
do so, while the positions to the left of the array will be freed but we will
not be able to use that free space.

« The bounded space representation proposed next is a better one.

Circular Queue Representation

Front

AN

Rear

Circular Queue Representation (cont’d)

« If we have an array Items[0:N-1] and two pointers Front and Rear as in the
previous figure, then we can use the following assignment statements to
increment the pointers so that they always wrap around after falling off
the high end of the array.

 Front=(Front+1)%N
e Rear=(Rear+1)%N

* The operator % computes the remainder of the division by N so the values
of Front and Rear are always in the range 0 to N-1.




Defining the Queue Data Type

/* This is the file QueueTypes.h */
#define MAXQUEUESIZE 100
typedef int ItemType;
/* the item type can be arbitrary */
typedef struct {

int Count;

int Front;

int Rear;

ItemType Items[MAXQUEUESIZE];
} Queue;

The Interface File

/* This is the file QueuelInterface.h */
#include "QueueTypes.h"

void InitializeQueue(Queue *Q);

int Empty(Queue *Q);

int Full(Queue *Q);

void Insert(ItemType R, Queue *Q);

void Remove(Queue *Q, ItemType *F);

a
(] (] 1}
The Implementation The Implementation (cont'd)

/* This is the file QueueImplementation.c */ int Empty(Queue * Q) {
#include <stdio.h> return(Q->Count == 0);
#include <stdlib.h> }
#include "QueueInterface.h" int Full(Queue * Q) {
void InitializeQueue(Queue *Q) { return(Q->Count == MAXQUEUESIZE);

Q->Count = 0; }

Q->Front = 0;

Q->Rear = 0;
}




The Implementation (cont'd)

void Insert(ItemType R, Queue * Q) {
if (Q->Count == MAXQUEUESIZE) {
printf("attempt to insert item into a full queue");
} else {
Q->Items[Q->Rear] = R;
Q->Rear = (Q->Rear + 1) % MAXQUEUESIZE;
(Q->Count)++;

The Implementation (cont'd)

void Remove(Queue * Q, ItemType * F) {
if (Q->Count == 0){
printf("attempt to remove item from empty queue");
} else {
* F = Q->Items[Q->Front];
Q->Front = (Q->Front + 1) % MAXQUEUESIZE;
(Q->Count)--;

Linked Queue Representation

In this implementation, we represent a queue by a struct containing pointers
to the front and rear of a linked list of nodes.

Front Rear

Item \ Link Item  Link Item Link Link

Linked Queue Representation (cont’d)

The empty queue is a special case and it is represented by a structure whose
front and rear pointers are NULL.

Front Rear




Defining the Queue Data Type

/* This is the file QueueTypes.h */
typedef int ItemType;
/* the item type can be arbitrary */
typedef struct QueueNodeTag {
ItemType Item;
struct QueueNodeTag * Link;
} QueueNode;

typedef struct {
QueueNode * Front;
QueueNode * Rear;
} Queue;

The Implementation

/* This is the file QueueImplementation.c */
#include <stdio.h>

#include <stdlib.h>

#include "QueueInterface.h"

void InitializeQueue(Queue *Q) {
Q->Front = NULL;
Q->Rear = NULL;

M ’ H ’
The Implementation (cont’d) The Implementation (cont’d)
int Empty(Queue *Q) { void Insert(ItemType R, Queue *Q) {
return(Q->Front == NULL); QueueNode * Temp;
3} Temp = malloc(sizeOf(QueueNode));
int Full(Queue *Q) { if (Temp == NULL) {
return(0); printf("System storage is exhausted");

} } else {
/* We assume an already constructed queue */ Temp->Item = R;
/* 1is not full since it can potentially grow */ Temp->Link = NULL;
/* as a linked structure. */ if (Q->Rear == NULL) {

Q->Front = Temp;

Q->Rear = Temp;

} else {
Q->Rear->Link = Temp;
Q->Rear = Temp;
}
}
}
1] 20}




The Implementation (cont'd)

void Remove(Queue *Q, ItemType *F) {
QueueNode * Temp;
if (Q->Front == NULL){
printf("attempt to remove item from an empty queue");
} else {
* F = Q->Front->Item;
Temp = Q->Front;
Q->Front = Temp->Link;
free(Temp);
if (Q->Front==NULL)
Q->Rear=NULL;

Example main program

#include <stdio.h>
#include <stdlib.h>
#include "QueueInterface.h"
int main(void) {
int i,j;
Queue Q;
InitializeQueue(&Q);
for (i = 1; i < 10; i++) {
Insert(i, &Q);

while ( ! Empty(&Q)) {
Remove (&Q, &j);
printf("Item %d has been removed.\n", j);

}

return 0;

Comparing Linked and Sequential Queue
Representations
* The sequential queue representation is appropriate when thereis a

bound on the number of queue elements at any time.

* The linked representation is appropriate when we do not know how
large the queue will grow.

Information Hiding Revisited

« The previous definitions and implementations of the ADT queue do not do
good information hiding since client programs can get access to the queue
representation because the file QueueTypes.his included in the file
Queuelnterface.h.

« We will now give another way to define the ADT queue that does not have
this weakness and also has all the nice features of the previous code such
as the ability to define multiple queues in a client program.




The Queue ADT Interface

typedef struct queue * QPointer;
QPointer QUEUEinit(int maxN);
int QUEUEempty(QPointer);

void QUEUEput(QPointer, Item);
Item QUEUEget(QPointer);

« Inthisinterface the typedef statement defines the type QPointer which is
a handle to a structure for which we only give the name queue. The details
of this structure are given in the implementation file and, in this way, they
are hidden from client programs.

 The functions of the interface take arguments of type QPointer.

The Implementation of the Interface

« Letus now see how we can implement this interface using the linked list
representation of a queue that we introduced earlier.

« The front and the rear of the queue are now accessed using pointer
variables head and tail.

The Implementation

#include <stdlib.h>

#include "Item.h"

#include "QUEUE.h"

typedef struct QUEUEnode* 1link;
struct QUEUEnode {

Item item;
link next;
};
struct queue {
link head;
link tail;
}

The Implementation (cont'd)

link NEW(Item item, link next) {
link x = malloc(sizeof (*x));

x->item = item;
X->next = next;
return x;

}

QPointer QUEUEinit(int maxN) {
QPointer q = malloc(sizeof * q);
g->head = NULL;
g->tail = NULL;
return q;




The Implementation (cont'd)

int QUEUEempty(QPointer q) {
return g->head == NULL;

}

void QUEUEput(QPointer q, Item item) {
if (g->head == NULL) {

g->tail = NEW(item, q->head);
q->head = g->tail;
return;

}
q->tail->next = NEW(item, q->tail->next);
gq->tail = g->tail->next;

}

Item QUEUEget(QPointer q) {
Item item = qg->head->item;
link t = g->head->next;
free(q->head);
gq->head = t;
return item;

Queue Simulation

« Letus now use the previous queue interface and implementation in a
client program.

« The following client program simulates an environment with M queues
where clients (queue members) are assigned to one of these queues
randomly.

The Client Program

#include <stdio.h>
#include <stdlib.h>
#include "Item.h"
#include "QUEUE.h"
#define M 10
int main(int argc, char *argv[]) {
int i, j, N = atoi(argv[1]);
QPointer queues[M];
for (i = 0; i < M; i++)
queues[i] = QUEUEinit(N);
for (i = 0; 1 < N; i++)
QUEUEput (queues[rand() % M], 1);
for (1 = 0; i < M; i++, printf("\n"))
for (j = 0; !QUEUEempty(queues[i]); j++)
printf("%3d ", QUEUEget(queues[i]));
return 0;

Information Hiding Revisited

 Notice that the previous client program cannot access the structure that
represents the queue because this information is not revealed by the
interface file QUEUE.h.

 The details are hidden in the implementation which is not accessible to the
client.




Using Queues

* Queues of jobs are used a lot in operating systems and networks (e.g., a
printer queue).

* Queues are also used in simulation.

* Queuing theory is a branch of mathematics that studies the behaviour of
systems with queues.

Readings

T. A. Standish. Data Structures, Algorithms and Software Principles in C.
« Chapter 7.
« R.Sedgewick. AAyépiBuot og C.

* Ke. 4.




Introduction to the Analysis of
Algorithms
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Under construction

Outline

« How can we measure and compare algorithms meaningfully?
* O notation.

 Analysis of a few interesting algorithms.

2]
Introduction Selection Sorting Algorithm
* How do we measure and compare algorithms meaningfully given that void _Silﬁ?t;O”SETt(InEUtA”?y A) {
. . . . . . in in ition, mp, i, j;
the same algorithm will run at different speeds and will require different for (i zoi _ 2; i N 8; lg {
amounts of space when run on different computers or when implemented ﬁinPOS_itign =i _
. . . or = ; < :I_; ++1
in different programming languages? g (A[j]3< A[Minpoiition]) (
MinPosition = j;
« Example: let us consider a sorting algorithm for sorting an array A[0:n-1]. ) }
temp = A[i];
A[i] = A[MinPosition];
A[MinPosition] = temp;
}
}
3|




Running Times in Seconds to Sort an Array of 2000 Integers

- Computers A, B, etc. up to E are progressively faster.

 The algorithm runs faster on faster computers.

Computer Time
ComputerA 51.915
ComputerB 11.508
ComputerC  2.382
ComputerD  0.431
Computer E 0.087

More Measurements

* In addition to trying different computers, we should try different
programming languages and different compilers.

 Shall we take all these measurements to decide whether an algorithm is
better than another one?

A More Meaningful Criterion

* We can observe that algorithms usually consume resources (e.g., time
and space) in some fashion that depends on the size of the problem
solved.

« Usually, the bigger the size of a problem, the more resources an algorithm
consumes.

« We usually use to denote the size of the problem.

+ Examples of sizes: the length of a list that is searched, the number of
items in an array thatis sorted etc.

SelectionSort Running Times in
Milliseconds on Two Types of Computers

Array Size Home Computer Desktop Computer

125
250
500
1000
2000

12.5
49.3
195.8
780.3
3114.9

2.8
11.0
43.4
172.9
690.5




Two Curves Fitting the Previous Data

If we plot these numbers on a graph and try to fit curves to them, we find that
they lie on the following two curves:

fi(n) = 0.0007772n2 + 0.00305n + 0.001

f2(n) = 0.0001724n? + 0.00040n + 0.100

Discussion

* The curves on the previous slide have the quadratic form f(n) = an® +
bn +c

* The difference between the two curves is that they have different
constants a,band c

e Evenif weimplement SelectionSort on another computer using another
programming language and another compiler, the curve that we will get
will be of the same form.

 So, even though the particular measurements will change under different
circumstances, the shape of the curve will remain the same.

o]
Complexity Classes O-notation

* The running times of various algorithms belong to different complexity - This notation is used in Computer Science For taking about the time

classes. complexity of an algorithm.
* Each complexity class is characterized by a different family of curves. - ForSelectionSort, the time complexity is O(n2)
* All of the curvesin a given complexity class share the same basic shape. + We find this complexity by taking the dominant term of the expression

The shape is characterized by an equation that gives running times as a 5 . .

. . an® + bn + cand throwing away the constant coefficient a.
function of problem size.




O-notation (cont'd)

* Let us consider the equation with, and . Then we have the following table:

n  f(n) an® n?term as % of total

125 2.8 2.7 94.7
250  11.0 10.8 98.2
500 434 431 99.3
1000 1729 1724 99.7
2000 690.5 689.6 99.9

O-notation (cont'd)

* We conclude that the lesser term bn + c contributes very little to the
value of even though cis 250 times more than b and b is more than two
times a. Thus we can ignore this lesser term.

« We will also ignore the constant of proportionality a in an? since we

want to concentrate in the general shape of the curve. a will differ For
different implementations on different computers.

Some Common Complexity Classes Comparing Complexity Classes
O-notation Adjective Name * Let us assume that we have an algorithm A that runs on a computer that
o(1) Constant executes one step of this algorithm every microsecond.
onstan
O(logn) Logarithmic * Let us assume that is the number of steps required by A to solve a problem
of sizen.
O(n) Linear
O(n log n) Quasi-linear « Then we have the following table.
O(n?) Quadratic
O(n?) Cubic
o(2") Exponential
O(10™) Exponential
O(22n) Doubly exponential




Running Times for Algorithm A

f(n) n=2 n=16 n=256 n=1024

1 1 ysec 1 psec 1 psec 1 ysec
log2 n 1 usec 4 usec 8 usec 10 ysec
n 2 Usec 16 psec 256 psec 1.02 ms
nlog2 2 Usec 64 pusec 2.05ms 10.2 ms
n? 4 usec 25.6pusec  65.5ms 1.05
n3 8psec  4.1ms 16.8 ms 17.9 min

n 4psec  65.5ms 109 years 10297 years

Size of Largest Problem Algorithm We Can Solve in

Number of steps T =1 min T=1hr
n 6 x 107 3.6 x 107
nlog, n 2.8 x 10 1.3 x 108
n? 7.75 x 10> 6.0 x 10*
n? 3.91 x 10* 1.53 x 10°
2" 25 31
10" 7 9

Time Complexity Discussion Time Complexity Discussion (cont'd)
 1: Thisis the case when all the statements in a program are executed a * nlogn This time complexity appears when an algorithm solves a problem
constant number of times. by dividing it into smaller problems and combining the partial solutions.
When doubles, the time complexity more than doubles (but it is not very
* log n When the time complexity of an algorithm is logarithmic, the Far From the double).
algorithm runs a little bit slower when increases. This time complexity is
found in algorithms that solve a problem by transforming it into a series of « n? When the time complexity is quadratic, the algorithm is practically
smaller problems, reducing in each step the size of the problem by a useful only for small problems. Quadratic running times usually appearin
constant amount. Every time doubles, increases only by a constant. algorithms that process pairs of elements of a problem (e.g., with two
nested loops). When doubles, the running time increases four times.
* n When the time complexity of an algorithm is linear what happens
usually is that a small part of the processing takes place for each element « n3 Similarly, an algorithm that processes triples of elements of a problem
of the input. When doubles, the running time of the algorithm doubles (e.g., usually with three nested loops) has cubic running time. It is useful
too. This time complexity is optimal for an algorithm that needs to process only for small problem sizes. When doubles, the running time increases
inputs or to output outputs. eight times.
* 2™ When the time complexity of an algorithms is exponential, the
- algorithm can be used in practice only for very small problem sizes. This is -
19




Time Complexity

We have to consider the following cases:

» Worst case
* Best case

» Average case

Well-Known Algorithms and Their Time Complexity

* Sequential searching of an array: O(n)

* Binary searching of a sorted array: O(log n)

* Hashing (under certain conditions): O(1)

* Searching using binary search trees: O(log n)
» SelectionSort, InsertionSort: O(n?)

* QuickSort, HeapSort, MergeSort: O(n logn)
* String pattern matching: O(n)

* Multiplying two square x matrices: O(n?)

* Traveling salesman, graph coloring: O(2™)

Formal Definition of O-notation Three Ways of Saying it in Words

We say that f(n) is O(g(n)) if there exist two positive constants K and ng Let us assume that f and g are positive functions. Then:

such that |f(n)| < K|g(n)|V n = no. * f(n)is O(g(n)) provided the curve K X g(n) can be made to lie above
the curve for f(mn) whenever we are to the right of some big enough value
OF’no.

* f(n)isO(g(n)) if there is some way to choose a constant of
proportionality K so that the curve f(n) foris bounded above by the
curve for K X g(n) whenever is big enough (i.e., when n > ny).

* f(n)isO(g(n)) if for all but finitely many small values of 7, the curve for
f(n) lies below the curve for some suitably large constant multiple of
g(n)

2]




Example of a Formal Proof

 Letus suppose that a sorting algorithm A sorts a sequence of numbers in
ascending order with number of steps
f(n)=3+6+9+---+3n

- We will show that the algorithm runs in O(n?) steps.

* Proof: We will first find a closed form for f(n)

Proof (cont'd)

* Notethat f(n) =3+6+9+---+3n=3(14+2+---+n) =

n(n+1
gt

2

* Then, choosing K = 3, ny = 1and g(n) = n*, we can show that for all

n > 1, the following inequality holds:

30l < 3p2

Proof (cont'd)

* Multiplying both sides of the above inequality with % givesn? +n < 2n?

« Subtracting n? from both sides gives n < n?.
* Dividing this inequality by n givesm > 1.

 The proof is now complete.

Practical Shortcuts For Manipulating O-notation

* In practice we can deal with O-notation in an easier way by separating the
expression for f(n) into a dominant term and lesser terms and throwing
away the lesser terms.

* In otherwords: O(f(n)) = O( dominant term =+ lesser terms ) =
O( dominant term)




Scale of Strength for O-notation

* We can rank the usual complexity functions on the following scale of
strength so it is easy to determine the dominant term and the lesser
terms:

O(1) < O(logn) < O(n) < O(n?) < O(n®) < O(2") < O(10)

Example

+ O(6n® — 15n2 + 3nlogn) = O(6n®) = O(n?)

« Letusseewhy we are allowed to do the above. Notice that we have
6n® — 15n? + 3nlogn < 6n® + 3nlogn < 6n + 3n® < 9n?

* Thisis the inequality that the definition of O-notation needs for K = 9
andn >1

Ignoring Bases of Logarithms

* When we use O-notation, we can ignore the bases of logarithms and
assume that all logarithms are in base 2.

» Changing the bases of logarithms involves multiplying by constants, and
constants of proportionality are ignored by O-notation.

] . .
92" Notice now that —L— is a constant.

Forexample, log,yn = og, 10 * Tog, 10

O(1)

* Itis easy to see why the O(1) notation is the right one for constant time
complexity.

 Suppose that we can prove that an algorithm A runs in a number of steps
f(n) that are always less than K steps for alln. Then f(n) < K X 1 forall
n < 1 Therefore f(n)is O(1).




Some Algorithms and Their Complexity

« Sequential searching

Selection sort
» Recursive selection sort

» Towers of Hanoi

Analysis of Sequential Searching

* Suppose we have an array A[0:n-1] that contains distinct keys K; 1 <
i < n)and assume that K is stored in position A[1-1].

* Problem: we are given a key K and we would like to determine its
positionin A[0:n-1]

An Algorithm For Sequential Searching

#define n 100
typedef int Key;
typedef Key SearchArray[n];

int SequentialSearch(Key K, SearchArray A) {
int i;
for (i =0 ; i < n; ++i) {
if (K == A[i]) return i;
}

return(-1);

Complexity Analysis

* The amount of work done to locate key K depends on its position in
A[O:n-1]

* Forexample, if K isin A[0], then we need only one comparison.

* Ingeneral, if K isin A[i-1], then we need 7 comparisons.




Complexity Analysis (cont'd)

* Best case: Thisis when K isin A[0]. The complexity is O(1)

* Worst case: Thisis when K isin A[n-1]. The amount of work isan + b
where a and b are constants. Therefore the complexity is O(n).

* Average case: Let us assume that each key is equally likely to be usedin a
search. The average can then be computed by taking the total of all the

work done for finding all the different keys and dividing by n.

Complexity Analysis (cont'd)

* The work needed to find the i-th key K is of the form at + b for some
constants and a and b. Therefore:

Total =Y 1 ((ai+b)=ad.; i+, b= a”(”2+1) +bn
« Now the average is:
Average = Tolal — gl 4§ — 2p 4 (2 4 )

* Therefore the average is O(n)

Selection Sorting Algorithm

void SelectionSort(InputArray A) {
int MinPosition, temp, i, j;

for (i =n-1; 1i>0; --1) {
MinPosition = 1i;
for (j = 0; j <1i; ++i) {
if (A[j] < A[MinPosition]) {
MinPosition = j;
}
}
temp = A[1i];
A[i] = A[MinPosition];
A[MinPosition] = temp;

Complexity Analysis of SelectionSort

« We start from the inner for statement. The if statementinside the for
takes a constant amount of time a. Thus, the for statement takes za time
units.

 Let us now consider the outer for. The statements inside this for, except
the inner for, take a constant amount of time b. Thus all the statements
inside the outer for take time ai + b




Complexity Analysis (cont'd)

* The outer for takestime " (ai +b) =ad . i+ > b=
a4 (n—1)b=2n?+ (b— ) —b

* Therefore the time complexity of the algorithm is O (n?)

Recursive SelectionSort

// FindMin is an auxiliary function used by the Selection sort bel
int FindMin(InputArray A, int n) {
int i,j = n;
for (i = 0; i < n; ++i)
if (A[1]<A[j1) j=1i;
return j;

}

void SelectionSort(InputArray A, int n) {
int MinPosition, temp;
if (n > 0) {
MinPosition = FindMin(A,n);
temp = A[n]; A[n] = A[MinPosition]; A[MinPosition] = temp;
SelectionSort(A, n-1);

Analysis of Recursive SelectionSort

 To use this recursive version of SelectionSort to perform selection
sorting on the array A[0:n-1], we make the function call
SelectionSort(A,n-1).

 The first thing we need to dois to analyze the running time of function
FindMin which finds the position of the smallest element in the array
Al[0:n].

* |tis easy to see that the time for this function is an + by for suitable
constants a and by .

Analysis of Recursive SelectionSort
(cont’d)
« We now analyze the running time of recursive function SelectionSort.

* Let T'(n) stand for the cost, in time units, of calling SelectionSort on
A[0:n].

e Then the costs in SelectionSort are as follows:

if (n > 0) {
Cost an+b1
Cost b2
Cost T(n-1)
}




Analysis of Recursive SelectionSort
(cont’'d)
* If b = by + by then the following recurrence relation holds forn > 0:
T(n)=an+b+T(n—1).

* The base case of this recurrence relation is T'(0) = ¢ where is the cost of
executing SelectionSort(A,0).

* To solve such recurrence relations, we can use a method called unrolling.

Analysis of Recursive SelectionSort
(cont’'d)

Tn)=an+b+T(n—1)
Tn)=an+b+a(n—1)+b+T(n—2)
T(n)=an+b+an—1)+b+a(n—2)+b+T(n—3)

T(n)=an+b+a(n—1)+b+an—2)+b+---+ax1+b+
7(0)
Tn)=an+b+a(n—1)+b+an—2)+b+---+axl+b+c

Analysis of Recursive SelectionSort
(cont’d)
Rearranging some of the terms so that all those with coefficients and are

collected together, we have:
T(n)=(an+a(n—1)+a(n—2)+---+a)+nb+c

T(n)=>" (at) +nb+c= a"(";l) +nb+c=%n®+ ($b)n+c

Analysis of Recursive SelectionSort
(cont’d)

Therefore T'(n) but also T'(n — 1) is O(n?).




A Recursive Solution to the Towers of
Hanoi

void MoveTowers(int n, int start, int finish, int spare) {
if (n == 1) {
printf("Move a disk from peg %1d to peg %1d\n", start, fin
} else {
MoveTowers(n-1, start, spare, finish);
printf("Move a disk from peg %1d to peg %1d\n", start, fin
MoveTowers(n-1, spare, finish, start);
}
}

Analysis of Towers of Hanoi

* Letn be the number of towers to be moved. Then the running time T'(n)

of the algorithm is given by the following recurrence relations:
T(l)=aT(n) =b+2T(n—1)

* We will solve these recurrence relations using the technique of unrolling
plus summation.

Analysis of Towers of Hanoi (cont'd)

T(n) = b+ 2T(n — 1)
T(n) = b+ 2(b+ 2T (n — 2))
T(n) =b+2b+ 2*T(n — 2)
T(n) =5
T(n)=>5

n) = b+ 2b+ 22(b+ 2T
+2b+ 2204 23T

3))
3)

(n —
(n—

=k

(n) = b+ 2b+ 226+ 207 Vp + 27T (n — 9)

Analysis of Towers of Hanoi (cont'd)

* Wheni=n—1wehave:T'(n —i) =T(n—(n—1))=T(n—n+
)=T1)=a

» Therefore, can be expressed as follows: T'(n) = 2°b + 21b + 22b +
4 200p L 2(n— Da= Y122+ 2(n— D)a=bY 102 +
2(n —1)a.




Analysis of Towers of Hanoi (cont'd)

* Now we can see that the sum is a standard geometric progression. So we
m+1
will use the fact that Y ;- zk = % to conclude the following:

2ol = 2001 g g

Analysis of Towers of Hanoi (cont'd)

* Therefore: T(n) = b(2» D — 1) + 2*"Vg = (a + )2 D — p =
abon — b

* Finally, we can see that T'(n) is O(2™)

What O-notation Does Not Tell You

* O-notation does not apply to small problem sizes because in this case
the constants might dominate the other terms.

* One can use experimental testing to select the best algorithm in this
case.

« Experimental testing is also useful if we want to compare algorithms that
are in the same complexity class.

Space Complexity

* In asimilar way, we can measure the space complexity of an algorithm.




Other notations

* There also other complexity notations such as o(n), ©(n), 2(n),w(n)

« More details in the Algorithms course.

Readings

T. A. Standish. Data Structures, Algorithms and Software Principles in C.
« Chapter 6.
« Robert Sedgewick. AAyépiBuot oe C.

* Ke. 2.




Lists and Strings
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Under construction

A List ADT

Alist L of items of type Tis a sequence of items of type Ton which the
following operations are defined:

* Initialize the list L to be the empty list.
» Determine whether or not the list Lis empty.

* Find the length of a list L (where the length of Lis the number of items in
L and the length of the empty list is 0).

* Select the-thitemof alist L, where 1 < ¢ < length(L).

* Replace the-thitem Xof alist L with a new item Ywhere 1 <17 <
length(L)

* Delete any item X from a nonempty list L.

* Inserta new item Xinto a list Lin any arbitrary position (such as before

the first item of L, after the last item of L or between any two items of L).
Lists Sequential List Representations
« Lists are more general kinds of containers than stacks and queues. « We can use an array A[0:MaxSize-1] as we show graphically (items are
_ . . . stored contiguously):
* Lists can be represented by sequential representations and linked
representations. FirstFree MaxSize.1
A X1 Xy X3 Xy

B




Advantages and Disadvantages

Advantages:

« Fast access to thei-th item of the list in O(7) time.

Disadvantages:

* Insertions and deletions may require shifting all items i.e., an O(n) cost on
the average.

* The size of the array should be known in advance. So if we have small size,
we run the risk of overflow and if we have large size, we will be wasting
space.

One-Way Linked Lists Representation

» We can use chains of linked nodes as shown below:

L:IIIIII————+III!IIIIIIII————————+IIH!IIIIIIII————————+III!IIIIIIII

Declaring Data Types for Linked Lists

 The following statements declare appropriate data types for our linked
lists from earlier lectures:

typedef char AirportCode[4];

typedef struct NodeTag {
AirportCode Airport;
struct NodeTag* Link;

} NodeType;

typedef NodeType* NodePointer;

« We can now define variables of these datatypes:

NodePointer L;

 orequivalently

NodeType* L;

Accessing the ith ltem

void PrintItem(int i, NodeType* L) {
while ((i > 1) && (L != NULL)) {
L = L->Link;
i--5

3
if ((i == 1) & (L !'= NULL)) {
printf("%s", L->Item);
} else {
printf("Error -- attempt to print an item that is not on the
}




Computational Complexity

 Suppose that list L has exactly nitems. If it is equally likely that each of
these items can be accessed, then the average number of n pointers
followed to access the jthitem is:

(4244n) _ "
= =3T3

Average =
n n

» Therefore, the average time to access the ithitemis O(n).

« The complexity bound is the same for inserting before or after the jthitem
or deleting it or replacingit.

Comparing Sequential and Linked List
Representations

List Operation Sequential Linked list

Finding length of L 0(1) O(n)
Inserting a new first item O(n) 0(1)
Deleting the last item 0(1) O(n)
Replacing the ith item 0(1) O(n)
Deleting the ith item O(n) O(n)

The above table gives average running times. But time is not the only
resource thatis of interest. Space can also be an important resource in some
applications.

o]
Other Linked List Representations Circular linked lists
« Circular linked lists + Acircular linked list is formed by having the link in the last node of a one-
. . way linked list point back to the first node.
« Two-way linked lists
« Linked lists with header nodes L :E__IZ =
« The advantage of a circular linked list is that any node on it is accessible by
any other node.
2]




Two-Way Linked Lists

« Two-way linked lists are formed from nodes that have pointers to both
their right and left neighbors on the list.

LLink Item RLink LLink Item RLink LLink Item RLink

-|x1|~—1_:-l |x2|'—|:l X; | w

Two-Way Linked Lists (cont’d)

« Given a pointer to a node Nin a two-way linked list, we can follow links in
either direction to access other nodes.

« We caninsert a node Meither before or after Nstarting only with the
information given by the pointer to N.

Linked Lists with Header Nodes Linked Lists with Header Nodes (cont’d)
* Sometimes it is convenient to have a special header node that points to + Header nodes can be used to hold information such as the number of
the first node in a linked list of item nodes. nodes in the list etc.
Header Node
(6 [ e | —
L:
15] 16|




Generalized Lists

* Ageneralized list is a list in which the individual list items are permitted
to be sublists.

° Example: (a17 az, (bla (Cla 02)7 b3)7 aq, (d17 dZ)a aﬁ)
* |falistitemis not a sublist, it is said to be atomic.

« Generalized lists can be represented by sequential or linked
representations.

Generalized Lists (cont’d)

* The generalized list L = (((1, 2, 3),4), 5,6, (7)) can be represented
without shared sublists as follows:

Atom SL Tink Atom Ttem Link Atom Item Link Atom SL Link

L
[ [T}l [ foele [o}-{mae]

Atom SL Tink Atom Item Link Atom Item TLink
e T} [+ ] e [7 ] |
Atom Item Link Atom Item Iink Atom Item Iink

|ﬁue|1 |'—l——’|True|2 |~—|——-|True|3

Generalized Lists (cont’d) A Datatype for Generalized List Nodes
* The generalized list L = (((1, 2, 3), (1,2, 3),(2,3),6),4,5,((2,3),6) type:g:;gg:;*Gﬁgtﬁﬂag {
can be represented with shared sublists as follows: int Atom;
union SubNodeTag {
ItemType Item;
L Atom SL TLink Atom Item Link Atom Item Link Atom SL [Link struct GenListTag* Sublist;
bNode;
| Hl——»lFalseI I I o—l———-|"ﬁ"ue |4 I '—l——’lTrue |5 | ~—|—>| FalseJ/ . 3 GeiL?itmgd:;
Atom SL  Link Atom SL Link Atom SL Tink Atom Item Link
|False|T|~—l——'|TrueJ/. I*—i—’| J/~|’—l—'|True|6 .
!
Atom Item Link Atom Item Link Atom Item Link
[rwe |1 [ -] fme]e [-] {me]o [
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Printing Generalized Lists

void PrintList(GenListNode* L) {
GenListNode* G;
printf("(");
G =L;
while (G != NULL) {
if (G->Atom) {
printf("%d", G->SubNode.Item);
} else {
printList(G->SubNode.SublList);

3
if (G->Link != NULL) printf(",");
G = G->Link;

}
printf(")");

Applications of Generalized Lists

« Artificial Intelligence programming languages LISP and Prolog offer
generalized lists as a language construct.

« Generalized lists are often used in Artificial Intelligence applications.

« Morein the courses “Artificial Intelligence” and “Logic Programming”.

Strings Strings in C
Strings are sequences of characters. They have many applications: * Astringin Cis a sequence of characters terminated by the null character
0.
« Word processors \
. + Example: To represent a string S=="canine" in C, we allocate a block of
 E-mail systems e a
memory B at least seven bytes long and place the characters “canine” in
« Databases bytesB[0:5]. Then, in byte B[6], we place the character \0.
23]




A String ADT

* In C's standard library you can access a collection of useful string

operations by including the header file <string.h>in your program.

* These functions define a predefined string ADT.

Examples of String Operations

Let us assume that Sand T are string variables (i.e., of type char*). Then:

« strlen(S): returns the number of charactersin string S (not including the
terminating character \0).

e strstr(S,T): returns a pointer to the first occurrence of string Sin string
T (or NULL if thereis no occurrence of string Sin string T).

« strcat(S,T): concatenate a copy of string T to the end of string S and
return a pointer to the beginning of the enlarged string S.

« strecpy(S,T): make a copy of the string T including a terminating last
character \0, and store it starting at the location pointed to by the
character pointerS.

Concatenating Two Strings

char* Concat(char* S, char* T) {
char* P;
char* temp;
P = malloc(1 + strlen(S) + strlen(T));
temp = P;
while ((* P++ = * S++) I= '\0');
P--;
while ((* P++ = * T++) I= '"\0');
return(temp);

Readings

T. A. Standish. Data Structures, Algorithms and Software Principles in C.
« Chapter 8, Sections 8.1-8.5.
+ Robert Sedgewick. AAyépiBpot oe C.

* Keo. 3.







Makefiles
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Under construction

The Utility make

« The make utility automatically determines which pieces of a large program
need to be recompiled, and issues commands to recompile them.

« Itis useful when we write large programs that are contained in more than
one file.

Preparing and Running make

* In order to use make, you should create a file named MakefFile. This file
describes the relationships among files in your program and provides
commands for updating each file.

* Inaprogram, typically, the executable file is updated from object Files,
which in turn are made by compiling source Files.

« Once asuitable makefile exists, each time you change some source files,
the simple shell command

make

* suffices to perform all necessary recompilations.

* The make program uses the makefile in the current directory and the last-
modiFication times of the files to decide which of the files need to be
updated. For each of those files, it issues the recipes recorded in the
makefile.

Rules

* Asimple makefile consists of rules with the following syntax:

target ...
recipe

. prerequisites ...

+ Atarget or a goalis usually the name of a file that is generated by a
program. Examples of targets are executable or object files. A target can
also be the name of an action to carry out, such as ‘clean’.

* Aprerequisite is a file that is used as input to create the target. A target
often depends on several files.

* Arecipeis an action that make carries out. A recipe may have more than
one command.

* Prerequisites are optional. For example, the rule containing the delete
command associated with the target ‘clean’ does not have prerequisites.




* Arule explains how and when to remake certain files which are the targets
of the particular rule. make carries out the recipe on the prerequisites to
create or update the target.

Example

pgsort : sorting.o PQImplementation.o
gcc sorting.o PQImplementation.o -o pqgsort

sorting.o :sorting.c PQInterface.h PQTypes.h
gcc -c sorting.c

PQImplementation.o :PQImplementation.c PQInterface.h PQTypes.h
gcc -c PQImplementation.c

clean:
rm pgsort sorting.o PQImplementation.o

Mind the tabs!!!

5 ]
'd
Comments Comments (cont'd)
* In this example makefile, the targets include the executable file pgsort,  The target clean is not a file, but merely the name of an action. Notice that
and the object files sorting.o and PQImplementation.o. cleanis not a prerequisite of any other rule. Consequently, make never
. . _ does anything with it unless you tell it specifically. Note also that the rule
* The prerequisites are files such as sorting.c and PQInterface.h and for clean does not have any prerequisites, so the only purpose of the rule is
PQTypes.h to run the specified recipe. Targets that do not refer to files but are just
* Recipes include commands like gcc -c sorting.c and gcc -c actions are called phony targets.
PQImplementation.c
* Arecipe may follow each line that contains a target and prerequisites.
These recipes say how to update the target file. Important: A tab
character must come at the beginning of every line that contains a recipe
to distinguish recipes from other lines in the makefile.
a




How make is invoked

 Forthe previous example, after some of the source .c files have changed,
and we would like to create a new executable, we just write make on the
command line.

How make Processes a Makefile

« When make is called, it reads the makefile in the current directory and
starts processing the first rule of the makefile. In our case, this is the rule
for the executable file pgsort.

« However, before make can process this rule, it should process the rules
that update the files on which pgsort depends i.e., sorting.o and
PQImplementation.o.

« Thesein turn depend on files such as sorting.c, PQInterface.h and

PQTypes.h which are not the targets of any rule so the recursion stops
here.

a8 o]
. ’
Variables Example (cont'd)
* Variables allow a text string to be defined once and substituted in objects = sorting.o PQImplementation.o
multiple places later. pgsort : $(objects)
gcc $(objects) -o pgsort
- Forexample, it is standard practice for every makefile to have a variable _ _ face A
. S . . . . sorting.o :sorting.c PQInterface.h PQTypes.
named objects, which is defined to be a list of all object file names. A T
« We can define this variable by writing PQImplementation.o :PQImplementation.c PQInterface.h PQTypes.h
gcc -c PQImplementation.c
objects = sorting.o PQImplementation.o allepme
rm pgsort $(objects)
« Then the variable can be used in the makefile using the notation
$(variable).




Letting make Deduce the Recipes

« Itis not necessary to spell out the recipes for compiling the individual C
source files, because make can figure them out.

* make has an implicit rule for updating a .o file from a correspondingly
named .c file using a cc -c command (not gcc).

« So we can write our example as follows.

Example (cont’d)

objects = sorting.o PQImplementation.o

pgsort : $(objects)
gcc $(objects) -o pgsort

sorting.o : PQInterface.h PQTypes.h
PQImplementation.o : PQInterface.h PQTypes.h

clean:
rm pgsort $(objects)

Rules for Cleaning the Directory

« We can use makefiles to do other things except compiling programs. For
example, we can have a recipe that deletes all the object files and
executables so that the directory is clean.

* In our example, this is done by the following rule:

clean:
rm pgsort $(objects)

clean hereis called a phony target.

* To avoid problems with files with the name clean in the same directory,
you can write the above rule as follows:

.PHONY clean
clean:
rm pgsort $(objects)

Rules for Cleaning the Directory (cont’d)

 You can execute the above rule by executing the shell command

make clean




Readings
« These slides were created by copying (sometimes verbatim!) material from
the manual http://www.gnu.org/software/make/manual/make.html

 Read this manual for more information (just reading Chapter 2 will
suffice).




Data Structures for Disjoint Sets
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Under construction

Dynamic Sets

« Sets are fundamental for mathematics but also for computer science.

* In computer science, we usually study dynamic sets i.e., sets that can
grow, shrink or otherwise change over time.

 The data structures we have presented so far in this course offer us ways
to represent Finite, dynamic sets and manipulate them on a computer.

2]
Dynamic Sets and Symbol Tables Disjoint Sets
« Many of the data structures we have so far presented for symbol tables « Some applications involve grouping distinct elements into a collection of
can be used to implement a dynamic set (e.g., a linked list, a hash table, a disjoint sets (§€va oUvola).
(2,4) tree etc.).
 Important operations in this case are to construct a set, to find which set a
given element belongs to, and to unite two sets.
B




Definitions

* Adisjoint-set data structure maintains a collection § = 51, .55,...,5,
of disjoint dynamic sets.

+ Each setisidentified by a representative (avtinpécwno), which is some
member of the set.

 The disjoint sets might form a partition (dtapépion) of a universe set

Definitions (cont'd)

The disjoint-set data structure supports the following operations:

* Make — Set(x): It creates a new set whose only member (and thus
representative) is pointed to by z. Since the sets are disjoint, we require
that « not already be in any of the existing sets.

* Union(z): It unites the dynamic sets that contain « and y, say S, and Sy,
into a new set that is the union of these two sets. One of the S, and S,
and give its name to the new set and the other set is “destroyed” by
removing it from the collection S. The two sets are assumed to be disjoint
prior to the operation. The representative of the resulting set is some
member of S, U Sy (usually the representative of the set that gave its
name to the union).

* Find — Set(x) returns a pointer to the representative of the unique set
containing x.

Determining the Connected Components
of an Undirected Graph

« One of the many applications of disjoint-set data structures is
determining the connected components (GUVEKTIKEG OUVIOTWOEC) of
an undirected graph.

« The implementation based on disjoint-sets that we will present here is
appropriate when the edges of the graph are not static e.g., when edges
are added dynamically and we need to maintain the connected
components as each edge is added.

Example Graph
(@) OO (© @




Computing the Connected Components of
an Undirected Graph

* The following procedure Connected-Components uses the disjoint-set
operations to compute the connected components of a graph.

Connected-Components(G)
for each vertex v in V[G]
do Make-Set(v)
for each edge(u,v) in E(G)
do if not(Find-Set(u) = Find-Set(v))
then Union(u,Vv)

Computing the Connected Components
(cont’'d)

« Once Connected-Components has been run as a preprocessing step, the
procedure Same-Component given below answers queries about whether
two vertices are in the same connected component.

Same -Component (u, V)
if Find-Set(u) = Find-Set(v)
then return TRUE
else return FALSE

|
Example Graph The Collection of Disjoint Sets After Each
Edge is Processed

(a) OO (® ®
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Minimum Spanning Trees

« Another application of the disjoint set operations that we will see is
Kruskal's algorithm for computing the minimum spanning tree of a graph.

Maintaining Equivalence Relations

Another application of disjoint-set data structures is to maintain equivalence
relations.

Definition. An equivalence relation on a set Sis relation = with the
following properties:

+ Reflexivity: foralla € S, we havea = a.
* Symmetry:foralla,b € S,ifa =bthenb=a.

* Transitivity: foralla,b,c € S,ifa = bandb = cthena = c.

Examples of Equivalence Relations Equivalent Classes
+ Equality « If aset'Shas an equivalence relation defined on it, then the set can be
. . . partitioned into disjoint subsets S1, S2, . . . , Sy called equivalence
. Eqmyalent type dgflnltlons in programming languages. For example, classes whose union is S
consider the following type definitions in C:
m— * Each subset S; consists of equivalent members of S. Thatis,a = bforalla
int a; andbin S;,and a # bif aand bare in different subsets.
int b;
¥
typedef A B;
typedef A C;
typedef A D;
The types A, B, Cand D are equivalent in the sense that variables of one type
can be assigned to variables of the other types without requiring any casting.
15]




Example

e LetusconsiderthesetS={1,2,..., 7}
« The equivalence relation on is defined by the following:
1=2,5=6,3=4,1=4,1=3

* Note that the relation 1 = 3 follows from the others given the definition
of an equivalence relation.

The Equivalence Problem

* The equivalence problem can be formulated as follows.
* We are given a set Sand a sequence of statements of the forma = b.

« We are to process the statements in order in such a way that, at any time,
we are able to determine in which equivalence class a given element of S
belongs.

The Equivalence Problem (cont’'d) Example (cont'd)
« We can solve the equivalence problem by starting with each elementin a « We start with each element of Sin a set:
named set.
{1H{2} 3H{4} {5} {6} {7}
) Wf.wen we process astatement a = b, we call Find — Set(a) and  As the given equivalence relations are processed, these sets are modified
Find — Set(b). as follows:
* |f these two calls return different sets then we call Union to unite these 1=2{1,2 {3} {4} {5} {6} {7}
sets. If they return the same set then this statement follows from the B
other statements and can be discarded. 5=6{1,2}{3}{4} {5.6} {7}
3=4{12}{3,4{56}{7
1=4{1,23,4{56}{7}
1 = 3 follows from the other statements and is discarded
B




Example (cont’'d)

« Therefore, the equivalent classes of S are the subsets

{1,2,3,4},{5,6}and {7}.

Linked-List Representation of Disjoint
Sets

« Asimple way to implement a disjoint-set data structure is to represent
each set by a linked list.

* The first object in each linked list serves as its set’s representative. The
remaining objects can appearin the list in any order.

« Each object in the linked list contains a set member, a pointer to the object
containing the next set member, and a pointer back to the representative.

22
The Structure of Each List Object Example: the Sets {c, h, e, b} and {f, g, d}
The representatives of the two sets are cand f.
Set Member | — l ‘
1yl
Pointer Back to Pointer to [_. c h o l e o— b .
Representative Next Object
Dl ¢ |
Lo | £ | o— g |- af.
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Implementation of Make-Set and Find-Set

« With the linked-list representation, both Make-Set and Find-Set are easy.

* To carry out Make — Set(x), we create a new linked list which has one
object with set element x.

* To carry out, F'ind — Set(x), we just return the pointer from x back to
the representative.

Implementation of Union

* To perform Union(z), we can append x's list onto the end of y's list.

« The representative of the new set is the element that was originally the
representative of the set containingy

« We should also update the pointer to the representative for each object
originally in x's list.

Amortized Analysis

* In an amortized analysis (entpepiopévn avdluon), the time required to
perform a sequence of data structure operations is averaged over all
operations performed.

« Amortized analysis can be used to show that the average cost of an
operation is small, if one averages over a sequence of operations, even
though a single operation might be expensive.

« Amortized analysis differs from the average-case analysis in that
probability is not involved; an amortized analysis guarantees the average
performance of each operation in the worst case.

Techniques for Amortized Analysis

* The aggregate method (n pé6odo¢ tng cuvadpotiong). With this
method, we show that for all m, a sequence of m operations takes time
T'(m) in total, in the worst case. Therefore, in the worst case, the average
cost, or amortized cost, per operation is T'(m) /m

« The accounting method.
« The potential method.

« We will only use the aggregate method in this lecture. For the other
methods, see any advanced algorithms book e.g., the one cited in the
readings.




Complexity Parameters for the Disjoint-
Set Data Structures

We will analyze the running time of our data structures in terms of two
parameters:

 n, the number of Make-Set operations, and
¢ m, the total number of Make-Set, Union and Find-Set operations.

Since the sets are disjoint, each union operation reduces the number of sets
by one. Therefore, aftern — 1 Union operations, only one set remains. The

number of Union operations is thus at mostn — 1.

Since the Make-Set operations are included in the total number of operations,
we havem > n.

Complexity of Operations for the Linked
List Representation

* Make — Set and Find — Set take O(1) time.

* Union(z,y) takes time O(|z| + |y|) where |z| and |y| denote the
cardinalities of the sets that contain « and y. We need O(|y|) time to
reach the last object in y's list to make it point to the first object in x's list.
We also need O(]z|) time to update all pointers to the representative in
x's list.

« If we keep a pointer to the last object in the list in each representative
then we do not need to scan y's list, and we only need O(|x|) time to
update all pointers to the representative in ’s list.

* In both cases, the complexity of Union is O(n)since the cardinality of
each set can be at most n.

Complexity (cont’d)

« We can prove that there is a sequence of Make-Set and Union operations
that take O(m?) time. Therefore, the amortized time of an operation is

O(m).

Proof?

Proof

* Letn = ceil(m/2) + 1andqg = m —n = floor(m/2) — 1
* Suppose that we have n objects x1, 2, ..., T,

* We then execute the sequence of m = mn 4+ q operations shown on the
next slide.




Operations

Operation Number of objects updated

MAKE-SET(x4) 1
MAKE-SET(x5) 1
MAKE-SET(x;,) 1

UNION(x4, X5)

UNION(xX 5, X3) 2
UNION(X3, X4) 3
UNION(X 41, Xg) qg—1

Proof (cont'd)

* We spend O(n) time performing the n M ake — Set operations.

« Because thei-th Union operation updates i objects, the total number of
. -1, -1
objects updatedare .7 | i = % = 0(¢g?).
» The total time spent therefore is O(n + ¢*) which is O(m) sincen =
O(m)andq = O(m).

The Weighted Union Heuristic

« The above implementation of the Union operation requires an average
O(m) of time per operation because we may be appending a longer list
onto a shorter list, and we must update the pointer to the representative
of each member of the longer list.

* If each representative also includes the length of the list then we can

always append the smaller list onto the longer, with ties broken arbitrarily.

This is called the weighted union heuristic.

Theorem

 Using the linked list representation of disjoint sets and the weighted union
heuristic, a sequence of mMake — Set, Union and Find — Set
operations,n of which are Make-Set operations, takes O(m + nlog,(n))
time.

e Proof?




Proof

« We start by computing, for each object in a set of size n, an upper bound
on the number of times the object’s pointer back to the representative has
been updated.

 Consider a fixed object x. We know that each time x's representative
pointer was updated, x must have started in the smaller set and ended up
in a set (the union) at least twice the size of its own set.

« Forexample, the first time x's representative pointer was updated, the
resulting set must have had at least 2 members. Similarly, the next time x's
representative pointer was updated, the resulting set must have had at
least 4 members.

* Continuing on, we observe that forany k < n, after x's representative
pointer has been updated log 2(k) times, the resulting set must have at
least k members.

Proof (cont'd)

« Since the largest set has at most n members, each object’s representative
pointer has been updated at most log, (n) times over all Union
operations. The total time used in updating n objects is thus

O(nlog,(n)).
« The time for the entire sequence of operations follows easily.

* Each Make-Set and Find-Set operation takes O(1) time, and there are
O(m) of them.

* The total time for the entire sequence is thus O(m + nlog,(n)).

Complexity (cont’d)
* The bound we have just shown can be seen to be O(m log,(m))
therefore the amortized time for each of the operations is O(log,(m))

» Thereis a fasterimplementation of disjoint sets which improves this
amortized complexity.

* We will present this method now.

Disjoint-Set Forests

* In the faster implementation of disjoint sets, we represent sets by rooted
trees.

« Each node of a tree represents one set member and each tree represents a
set.

* Inatree, each set member points only to its parent. The root of each tree
contains the representative of the set and is its own parent.

» For many sets, we have a disjoint-set forest.




Example: the Sets {b, c, e, h} and {d, f, g}
® ®
() (®) O
®) ®

The representatives of the two sets are cand f.

Implementing Make-Set, Find-Set and
Union

« A Make-Set operation simply creates a tree with just one node.

« AFind-Set operation can be implemented by chasing parent pointers until
we find the root of the tree. The nodes visited on this path towards the
root constitute the find-path.

« A Union operation can be implemented by making the root of one tree to
point to the root of the other.

Example: the Union of Sets {b, c, e, h} and
{d, f, g}

Complexity

« With the previous data structure, we do not improve on the linked-list
implementation.

* Asequence of n — 1 Union operations may create a tree thatis just a

linear chain of n nodes. Then, a Find-Set operation can take O(n) time.
Similarly, for a Union operation.

+ By using the following two heuristics, we can achieve a running time that
is almost linear in the number of operations m.




The Union by Rank Heuristic

* The first heuristic, union by rank, is similar to the weighted union heuristic
we used with the linked list representation.

« Theideais to make the root of the tree with fewer nodes to point to the
root of the tree with more nodes.

« We will not explicitly keep track of the size of the subtree rooted at each
node. Instead, for each node, we maintain a rank that approximates the
logarithm of the size of the subtree rooted at the node and is also an
upper bound on the height of the node (i.e., the number of edges in the
longest path between x and a descendant leaf).

 Inunion by rank, the root with the smaller rank is made to point to the root
with the larger rank during a Union operation.

The Path Compression Heuristic

* The second heuristic, path compression, is also simple and very effective.

* This heuristic is used during Find-Set operations to make each node on
the find path point directly to the root.

* In this way, trees with small height are constructed.

 Path compression does not change any ranks.

The Path Compression Heuristic
Graphically

The Path Compression Heuristic
Graphically (cont’d)

A
{3




Implementing Disjoint-Set Forests

« With each node x, we maintain the integer value rank - , which is an upper

bound on the height of x.

« When asingleton set is created by Make-Set, the initial rank of the single
node in the corresponding treeis 0.

 Each Find-Set operation leaves ranks unchanged.

« When applying Union to two trees, we make the root of higher rank the

parent of the root of lower rank. In this case ranks remain the same. In case
of atie, we arbitrarily choose one of the roots as the parent and increment

its rank.

Pseudocode

We designate the parent of node x by p[x].

Make-Set (x)
p[x]— X
rank[x] < @

Union(x,y)
Link(Find-Set(x), Find-Set(y))

Pseudocode (cont'd)

Link(x)
if rank[x] > rank[y]
then p[y] < x
else p[x] < vy
if rank[x] = rank[y]
then rank[y] < rank[y]+1
Find-Set(x)
if x '= p[x]
then p[x] < Find-Set(p[x])
return p[x]

The Find-Set Procedure

* Notice that the Find-Set procedure is a two-pass method: it makes one
pass up the find path to find the root, and it makes a second pass back
down the find path to update each node so it points directly to the root.

¢ The second pass is made as the recursive calls return.




Complexity
 Letus consider a sequence of Make-Set, Union and Find-Set operations, n
of which are Make-Set operations.

« When we use both union by rank and path compression, the worst case
running time for the sequence of operations can be proven to be O(m
a(m,n)) where a(m,n) is the very slowly growing inverse of Ackermann'’s
Function.

« Ackermann'’s function is an exponential, very rapidly growing function. Its
inverse, a, grows slower than the logarithmic function.

* In any conceivable application of a disjoint-union data structure, we have
a(m,n) <4

* Thus we can view the running time as linear in min all practical situations.

* Therefore, the amortized complexity of each operation is O(1)

Implementation in C

 Letus assume that the sets will have positive integers in the range 0 to N-1
as their members.

« The simplest way to implement in C the disjoint sets data structure is to
use an array id[N] of integers that take values in the range 0 to N-1. This
array will be used to keep track of the representative of each set but also
the members of each set.

« Initially, we set id[i]=i, for each i between 0 and N-1. This is equivalent to N
Make-Set operations that create the initial versions of the sets.

« Toimplement the Union operation for the sets that contain integers p and
g, we scan the array id and change all the array elements that have the
value p to have the value q.

- The implementation of the Find-Set(p) simply returns the value of id[p].

Implementation in C (cont'd)

« The program on the next slide initializes the array id, and then reads pairs
of integers (p,q) and performs the operation Union(p,q) if p and g are not
in the same set yet.

« The programis an implementation of the equivalence problem defined
earlier. Similar programs can be written for the other applications of
disjoint sets presented.

Implementation in C (cont'd)

#include <stdio.h>
#define N 10000
int main(void) {

int i, p, q, t, id[N];

for (1 = 0; i < N; i++)
id[i] = i,

while (scanf("%d %d", &p, &q) == 2) {
if (id[p] == id[q]) continue;
for (t = id[p], 1 = 0; 1 < N; i++)
if (id[i] == t) id[i] = id[q];
printf("%d %d\n", p, q);




Implementation in C (cont'd)

« The extension of this implementation to the case where sets are
represented by linked lists is left as an exercise.

Implementation in C (cont'd)

 The disjoint-forests data structure can easily be implemented by changing
the meaning of the elements of array id. Now each id[i] represents an
element of a set and points to another element of that set. The root
element points to itself.

« The program on the next slide illustrates this functionality. Note that after
we have found the roots of the two sets, the Union operation is simply
implemented by the assignment statement id][i]=j.

» The implementation of the Find-Set operation is similar.

Implementation in C (cont'd)

#include <stdio.h>
#define N 10000
int main(void) {
int i, j, p, q, t, id[N];
for (i = 0; i < N; i++)
id[i] = 1i;
while (scanf("%d %d", &p, &q) == 2) {
for (i = p; i != id[i]; 1 = id[i]) ;

for (j = q; j !'= id[j]; j = id[]]) ;
if (i == j) continue;
id[i] = 3;

printf("%d %d\n", p, q);

Implementation in C (cont'd)

* We can implement a weighted version of the Union operation by keeping
track of the size of the two trees and making the root of the smaller tree
point to the root of the larger.

« The code on the next slide implements this functionality by making use of
an array sz[N] (for size).




Implementation in C (cont'd)

#include <stdio.h>
#define N 10000
int main(void) {
int i, j, p, q, id[N], sz[N];
for (i = 0; i < N; i++) {
id[i] = i; sz[i] = 1;

while (scanf("%d %d", &p, &q) == 2) {
for (i = p; i != id[i]; i = id[i]) ;
for (j = q; j != id[j1; j = id[j]) ;
if (i == j) continue;
if (sz[i] < sz[]j]) {
id[i] = j;
sz[j] += sz[i];

else {
id[j] = 1;
sz[1] += sz[]];

}
printf("%d %d\n", p, q);

Implementation in C (cont’'d)

* Inasimilar way, we can implement the union by rank heuristic.

* This heuristic together with the path compression heuristic are left as
exercises.
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